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ABSTRACT

This Handbook of Data Reduction Methods contsins summaries

of reduction programs currently used by Data Reduction Division,
Generally the progrsm descriptions consist of the statement of
the aathomatical probiem involved, the derivaticn of egustions

used and ths computstionzl rrocedure emploved,
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A HANDBOOK OF DATA REDUCTION METHODS

Introduction

This Handbook has been designed to provide in a single source c:mmarias
of the data reduction methcds and programs currently used by the Data Reduction
Livieion, Many of the techniques outlined in this Handbook are criginal develop-
ments of the authors, The basis for the other methods described were obtained

from previously published technical reports and papers of individuals in the
Data Reducvion Division.

Particular carc Las been taken to insure that each of the sections of this
Handbook can be viewed independeatly, as the "Program Requirements Document"
for a particular reduction. *n all cases possible the basic relationships among
the physical prirciples involved have been used to show the detailed derivation
of the equations programmed. In general, each -section contains a description of
the mearurement process or mathematical problem involved, tho derivation of the
equations for the progrrm, and a computational procedure to be followed. Refer-
ences are given for each section where available,

The suthors wish to acknowledge sspecially the outstanding contribution

of Mr, R.A, Montes, of DRD-T, without whose assistance this report would have
been impossible.
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INTRODUCTION :

Cinetheodolites are angle-measuring instruments used o determine the
trajectories of rapidly moving aerial targets. Two or more theodolites
placed at known distances from each other measure and record on film
azimuth and elevation angles to the target., Since the distances betweeén
the theodolites (base lengths) and the angular measurements are known, the
positions of the target in space can be computed,

The existing WSMR cinetheodolite system is composed mainly of two
types of cameras, the standard Askania and the Contraves, which are located
throughout the range to provide complete instrumentation coverage. The
computational procedure is essentially the same for both types of theodolites.

In operation, the theodolites are continuously sighted on the target
and photographs are taken of the target and two graduated circles (azimuth
and elevation dials) at regular or irregular time intervals, To insure
that these photographs are taken simultaneously at each measuring station,
the shutters of the cameras are opened by electrical pulses frem a central
timing station.

Figure 1 {llustrates the angles measured by two theodolites. The
location of these theodoiites depends on the type of terrain and on the
flight or firing direction. The distance between any two stations should
be a maximum of one-third and a minimum of one-fifth of the expected
sverage distance between the camera and the target.

Figure 2 shows a film frame of a missile which was measured w. ¢
Askania cinetheodolites., Figure 3 shows a filu frame of an gircraft
measured with Contraves theodolites,
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Description of the Askania Theodolite

T

The Askania theodolite is constructed about a rectangular axis system,
illustrated in Figure 4, which consists of the vertical main axis, (19),
the horizontal auxiliary axis (89), and the sighting axis (99) which is
at right angles to the auxiliary axis. The three main parts of the
cinetheodolite are:

1. The rigid base, Fig., 5(14).

2. The U-shaped camera trunnior, Fig. 5(46), which turns abcut
the vertical main axis,

3. The camera, which can be tilted through the horizontal
auxiliary axis, with objective lens, Fi;. 4(105) and sighting telescopes,
Fig. 4(70,71).

The theodolite is secured to the buse plate by three foot-screws
and holding clamps. The camera trunnion, which includes twe levels at
right angles to each cther, Fig, 5(44), 1s leveled with tne horizontal
axis by means of these foot-screws,

The trunnion «..so0 contains th.: operators' eyepieces for the tracking

teloscopes, Fig., 4(49), and the necessary optics for projection of the angle
deta £rom the graduated circles onto the film,

Sighting the Theodolite

On opposite sides of the camer¢ carrier, hand wheels, Fig. 5(37,38)
are provided so the camera can be turned by wurm gears, Fig., 6(58), and
worm wheels around the vertical main axis, or tilted about the horizontal
auxiliary axis. The hand wheels have a two-speed transmission, coarse
{thres degrees per revolution) and fine (one degree per revolution).

The switching from one to the other is done by pushing or pulling the

hand wneels in the direction of the axis, To set the camera quickly, the
worms can be released so the camera is freely sighted toward the target.

The iazteral worm drive is released by turning the knob, Fig, 6(28), counter-
clockwise, whereas the vertical drive is released by turning the lever,™
Fig. €{59). to the right,

Graduatel Circlas

The thendolite is provided with two glass circles, which center with
the main axis or the auxilisry axis, respectively. The azimuth circle,
Fig. 4(3), is graduated evsry .5° and numbered clockwise from 0° to 360°,
It may be raruslly zaroed by the field operator. The elevation circle,
Fig. 4(50), is graduated from 0° to 180° and calibrated for an additional
graduation of approximatsly 10® in both directions. The vertical motion
gears disconnect at a depression angle of 6°, which limits elevation
traverse,




Cinetheodolite Kth 53, Cross Section.

Fig. 4.
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Reading Microscop: and Photo Recordings

Optical systems, figs. 4(32,51), locasted inside the camera carrier,
in the hollow auxiliary axis, and in the camera itself, are used to read
the glass circles and film recordings., The otched scale divisions on the
glass circles are first projected on & scale plate and then transmitted by
various prisms to the aperture plate. Microscopes, Fig, 4(49), switched
into the optical ray path by a push button, are used in reading the gradu-
ated circles which are calibrated t¢ 3.01° so that 0.001° can be estimated.

161 A
A

0 1 2 3 4 5
. This dial ds 16.528, If th
Ill||lllll|il|lll|IIII||IIIII|I|II|Inlllllll{ ot were in tho :

N number 16 were in the upper left
5 6 7 8 9 10

hana corner the diil would read
16,028,

Lo y

Fig. 7. Askania Dial Resdirg (Style Af

New Askania carzras show whole degree values. In addition, each
degree is coded at the bottom of the dial,

116 A

11 200

H1o308 . 23272 . 116,
N the whole degree

H Y Fig. 8. Askania Dial Reading (Style B)

The fraction of the degree would be 0,125°. Since the distance, b,

represents one-half degree ~2_ represents a decimcl portion of that half

degree. Therefore, the angle is 116.125°. Had the whole number 116 been

in the lower half of the dial, the actual angle would be 116,5° plus the
fraction ‘%‘ or 116.625°,
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Carera

The camera consists of one object lens, Fig. 4(105), with aperture
plate, camera housing, shutter, the camera mechanism, motor, and film
trar.spert gears,

Sighting Telescopas

Each side of the camera has a sighting tslescope, Fig. 4(70,71).
These are inserted in guiding grooves and fastened by clamp screws,
Fig. 5(87). The operztors positionthe camera o.. target by turning the
hand wheels until the target is centered in the field of view o’ the
telescopes.

Frame Counters

Two counters are built into the camera: one for the consecutive
numbering of the frame, the number being projected on the {rame, and the
other indicating the amount of exposed film, Both counters can be read
from outside the camera when it is open.

Before operaticis the frame ciunters of all the theodolites may be
set to zero to facilitate comparisons of corresponding frames, The
number shown in the window is always onz unit smaller than the projectec
number on the film. If the frame series is to begin with 000, the counter
should be set to 959,

Technical Data for Askania

Objective Lenses:

Focus of 30 ¢m 60 cm 100 cm ,
Aperture 1:4.5 1:4.5 1:6.3 -
Field of view 4°36'x6°56" 2°18'x3°28" 1°23'x2°04"

Frame size 24x36 om 24x36 mm 24x36 mm

Diaphram 1:42 1:42 1:8 and 1:11

Sighting Telescopes:

Magnification 10x 12x 20x

Field of view 6°8' 5°25° 3°13

Free aperture 60 mu 60 mm 80 mm




Graduated Cixcles:

Graduated from one- hundvedth degree. Each degree and each one-
half degree is numbered.

Azimuth 0-360°

Elevation 0-180° with additional graduation of 10°
in both directions.

Reading Microscopes:
Fine Reading through 100 division scale to 1/1000 degree.

Megnification 35x
Venetian Blind Shutter Exposure sbout 1/150 second..
Maximum Frame speed S frames per second.

Magazine capacity To 165 feet standard film,

Description of Contraves Theodolite

J

The Contraves photo-theodolite, Fig, -11, ds an instrument which when
directed at stationary and moving targets records their positions in angle
values at accurately determined tiaze intervals., At each of these intervals
the target is photographed and on each of these photograph$ tha position is
indicated with respect to cross hairs, azimuth, elevation and time. A
theodolite measuring system is comprised of at least two theodolites, To
correct the measured data for instrument errors, each theodolite is provided
with an array of fixed target boards. The positions of the target boards
are determined in the WSCS coordinate system with high accuracy by the
fundamental survey of the installation.
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10.
11.
12.
13.
14.
15,
16.
17.
18.
19,
20.
21.
22,
23.
24,

25.

Description of Figure 12

Optics housing
Main telescope

Tacking telescope
Elevation drive shaft
Tracking telescope objective-12, 4 power
Tracking telescope objective-2 power
Prism for magnification selection
Eye piece
Sun shield
Color filter turret
Azimuth bearing
Image plane
Flash lamp
Light path for cross hair projection
Light path for azimuth scale projection
Light path for elevation scale projection
Light path for frame count projection
Glass disc with azimuth scale engraving
Glass disc with elevation scal; mgraving
Frame counter
Synchronized camera-35 mm
Spur gear for elovation drive
Spur gear for azimuth scale setting
Cross hair illumination bulb

Reading aicroscope

24
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Optical System

The optical system of the theodolite, Fig. 12, is comprised of three
sections: the angle measuring equipment, the photographic optical equipment
and the sighting equipment. The angle measuring equipment consists of twp
double graduated circles which are used to reproduce on film the angular
position of the main telescope, The circle graduations are projected into
the camera by an optical system using prisms for deflection and a flash
lamp as the source of illumination., The photographic optical equipment
consists of the main telescope, an iris, filters, focusing mechanism,
cross. hairs and camera. The main telescope is a folded optical system with
a focal length of 1.5 meters and an aperture of f 1:8, The sighting equip-
ment consicts of two tracking telescopes, one for elevation and one for
azimuth, They are provided with a change-over prism for changing magnifi-
cation from 2X for searching to 12.4X for tracking.

The camera takes pictures through the main telescope at the rate of
either five, ten, twenty, or thirty frames per second. Standard 35mm
motion picture film is used with a register pin movement. The pictuyre,
Fig. 3., is 0.8° x 0.5° located in the upper three quarters of a standard
35mm single frame picture. Azimuth, eievation and frame number dials are
simultaneously photographed across the bottom of the 35mm frame. Two
perpendicular cross hairs are located in the center of the picture on the
optical axis of the main telescope, These are used as reference marks to -
determine tracking corrections between the image of the target and the
optical axis of the telescope as indicated by the crcss hairs and the azimuth
and elevation dials.

Time Recording System

The iime recording system consists of a flash lamp combined with a
frame countsr, Very accurate timing pulses ars used to trigger the fiash,
The same pulses are used to operate the electro-mechanical frame counter,
serving actually as a counter of the received timing puises, The flash
illuminated frame counter scale is projected via its own set of deflecting
prisms and lenses into the camera. A microscope enables the operator to
vead the two- double-circles and the frame counter,

One Man Tracking

‘The tracking system has been developed to provide fo: ~nre man
operation, The conventional two man handwheel opercticn is casplaced with
a joy-stick., Through careful proportioning of the controlled position-
velocity-acceleration drive, good control response charscteristics are
achieved,
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Reading Microscope and Photo Recordings

Readings of the azimuth and elevation are presented on the film from
graduated circles. The scale is read in two steps: First, the main scale
is read with respect to the pointer (coarse index) to the nearest 0.1
degree which is represented by the numerals and larger graduations of
the main scale, (Fig.13). Second, the fine index position is read to
provide 0,01 degree directly and 0,001 degres by interpolation. This is
done by starting the fine index reading under a large main scale gradua.
tion which is numbered, and reading with respect to the main scale
graduations. Although it appsars the scale can be read at any of five
positions, the recommended position is the cne in the center of the field
to minimize, to a negligible amount, any distortional effects of the data
optical system,

The small graduations of the main scale represent 0.02 degrees when
reading only the main scale with referance to the fixed peinter, but
these same small graduations represent 0.01 degree when reading with
respect to the oppositely moving fine index scale.

Azimuth Degrees
Course
o I VA A
‘2El—ﬁ'llillllll{llll S L I I I
Fine St ' ) l ’
Scals—]

Fig. 13, Contraves Pial Reading

\

Reticle Pattern on the Film

The reticle, two orthogonal lines; rotates in elevation., The two
short perpendicular marks on the same reticle line are calibration marks
which are a reference for film shrinkage computation. It is possible to
read tracking corrsctions using the reticle but with existing equipment
at WSMR it is too time consuming., If the reticle is used to measure the
tracking corrections, the reticle with the two short perpendicular marks
is the line along which the azimuth tracking error is read, additive error
to the left of the elevation, subtractive to the right, The third short
perpendicular mark indicates the line along which the positive elevation
tracking error is read,

26
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Technical Data for Crnntraves

Objective Lenses:

Focal Length
Aperture

Relative aperture
Iris Diaphragm

Frame size

.Sighting Telescopes:

Magnification

Field of View

Operating Range

Blevation

Azimuth

Camera Frame Rute

1500 mm #3% (50 in)
19¢ mm (7.5 in)
1:8

1:8 to 1:22

24 x 15 am, 0,8° x 0.5°

2 and 12,4 power
4 and 20 power optional
25.5° and 5.5°

12,5° and 2,5° with option

-S® to +185°

0 to 360°

S, 10, 20 and 30 frames per second

27
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FILi© READING EQUIPMENT

TELEREADEX - TYPE 29-A (FRCNT *™).JECTION TELEREADER)

The Telereadex (see Figures - 21d 15) is a front-projection film
reader incorporating positive pin ragis‘ratica and autoratic frame advance,
The image is prejected by a 750-watt lenmp through a lens directed upward
where it is reflected by a silver surfaced amirror onto a flat white surface
to give maximum resolution, "X" and "Y" boresight measuremer.ts are made
using movable cross hairs which traverce the entire surface. Associated
r ecording equipment inclwies the Telecordex Linear Calibrator, either
the IBM 517 or 523 Summary Punch, and an automatic typewriter.

The machine can take either standard double frame or high speed
single frame Askania or Contraves Film, or 16mm and 35mm radar boresight
film, The majority of radar boresight and high speed Askania films use
the pin registration; the stardard Askanis does not. There are 16mm, 35mm
and 70mm mechanisms available, The film may be advanced 1 to 12 single
frames or 1 to 6 Askania frames.

The lens systém of the Telereadex consists of 5, 10 and 20 power
magnifications with 40 power available if needed, .

The accuracy of the machine varies with the steadiness of the initial
tracking, pin registration, and film quality. Accurate measurements can ]
be made at speeds of 7.2 seconds per frame on standard Askania; 2.2 seconds
per frame on high speed Askania and pin registered 16mm radar boresight.
Pin registration is accurate to ,003 inch. Least count is #110 microns
at the measuring surface, ’

DIAL READERS

The Colemen Dial Reader (see Figs, 16 and 17) is an electro-mechanical
apparatus for reading dials on either standard or high speed Askania
35mm film. The projector lens, film, and film movement mechanism are all
attached to a movable carr age which may be shifted by means of a side-
mounted lever, or rotated by a worm gear, to position the image on the
frosted glass surface for viewing.

The f.lm may be adve iced manually or automatically by a selector
switch on the front panel. At the discretivn of the operator it may be
advanced onc¢ throush twelve frames, or continuously. Film may be run
forward or backward with the frame count adding or subtracting, depending
on the direction of film travel,

Tio ver+ical wires are positioned just behind the viewing plate for
measurcment of either azimuth or elevation, with separate runs for each
measurement. The two wires are so coupled that one wire is used to set
zero or the viewing surface, and the other wire, which is coupled to a
digitizang unit for the memory relays, is moved to make the measurement.

28




FRONT PROJECTOR AND AUXILIARY EQUIPMENT

14.

Fig.

3. Telecordex

1. Telereader, Type 29A (Front Projector)

2. Reflecting Mirror

IBM Card Punch

4,




T0X3U0) ITBH $SOI) TEOTIISA °'IT

(X8X ‘A °X) soyOITIMS XeSTD I93UNO) °*Qf
(LwoT) wsTuBYDSK SDUBAPY WIT] '6
Jusulsnipy uyr4 uorseioy °g
JudwIsSNipy Wil YeIUOZTIOH °/
juawisnipy wiId TesT1IIap 9

PR LIS A 3

$9sud7 XeTyTUdERN °§

toods utrg 4

3yt 103edTpU] 98e3[O,)\ QU] ‘¢
YDITMS JO0IDI[IS IIUBAPY T34 °2
[0X3U0) ITBH SSOI) TBIUOZTIOH °*T

40103rodd INO¥d FTOSNOD °ST °*38t4

——

—




4
Fip. 16. CONSOLE, COLEMAN DIAL R:ADER 1

Nne-tialf Degree Count 3. Trame Adjustment
Hairline Adjustment 4. Light density Knob {
5. Whole Degree Keyboard

3i

1.
2

S ey

.. o




Butsnoy 1yd1q

a10SU0] ‘'Y
uotrioefoad °¢

Butsnoy axodsuex] wiry °z
yaung pIed WaI1 1

HONNd HLIM YIMIATA TVIA NVKII0D

'Ll

32




Readings may be made at the rate of approximately three hundred per
hour with high spced Askania, or two hundred per hour with standard Askania
with the digitizing vernier of one part in one thousand., The whole degree
readings are punched in a keyboard and the +180° and +.5" indicator switches
set, These data are read out into an IBM 517 or 523 Summary Punch furnishing
azimuth or elevation readings, frame count, the whole degrees, and switch
settings on punched cards,

The Cqleman dial reader has been modified to read Contraves dials.
The Parabam and Corvus dial readers are essentially the same as the
Coleman, The Parabam dial reader utilizes 35mm or 70mm film. Contraves

film can not be read on the Parabam, The Corvus dial reader is adaptable
to either Contreves cr Askania film,

ASKANIA VIEWER

Tha Askania Viewer is a portable manually operated device for viewing
and measuring boresighi data recorded on 35mm film, With the aid of two
cross hairs and the calibrated degrees and minutes marks around the upper
edge of the plate, it is possible to read angular measurements. The
cross hairs are marked in degrees and minutes, both vextically apd horizontally,
so that it is possible to read tracking corrections directly from Askania
film., The azimuth and elevation dials may also be read with the Askania
viewer, making it possible to obtain all the required information to ccmpute
space positions from the one machine.

The viewer requires only 12 by 18 inches of space; however, it is
usuatly mounted between two large hand cranked reels on an 18 by 42 inch
table to make transportation of the film easier. Operated in this manner,
the machine has a capacity of 800 feet of 35mm film. The film transport
on the viewer itself is limited to a total capacity of 100 feet of film.

The film is wound from one to the other of the two hand-operated reels,
passing over a diffused light and being viewed through the machine during
this process., The diffused light is furnished by a 25-watt frosted buldb
located in a metal cylinder in front‘of the machine. The light is reflected
from a diffusion plate through the film, Two operators, one reading and
one recording, can read and recc-C 40 to 50 frames of Askania film per hour.
This includes the reading of azimuth dials, elevation dials, X and Y dis-
placement readings, atlows time to change film rolls, and mark frames to
be zead. The viewer is calibrated to read directly from film taken by 60 cm
optics.

ASSESSING AND READING FILM

The purpose of reading film is to determine the location of the target
or missile with respect to the center of the frame, The Telereadex (Front
Projector) is the machine primarily used for these measurements. WKhen read-
ing Contraves films the head of the reader must be rotated 90 degrees so thst
the film X and Y axes coincide with the reading machines' X and Y cross hairs.

33
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Assessing Film

The following information appears on the films:

1., Timing

2. Direct and Indirect orientation targets (6-8 each)
3., Missile images

4, Azimuth and elevation dials

The film is assessed for the following factors:

1. Quality, density and contrast of film in general

2. Definition of targets Qnd missile images

3. Definition of fiducial points

4, Definition of azimuth and elevation dials

S. Definition of frame counters

6. Definition of time code

7. Consistency of missile remaining in each frame through the

complete run,

The following additional irformation is noted during assessment as
an aid to the reader:

1. Frame number of zero .ime for each camera

2, Number of readable frames

3. The numbers of the first and last frames containing readasble

images,

READING ORIENTATION TARGETS

There is a maximum of eight direct and eight indirect targets. Six
to twelve frames are taken of each target {direct and indirect)., The
machine oparator runs the film to the first target and selects the best
target imaga» for reading., The machine is then zexroed by moving the cross
hairs until they coincide with the fiducial marks on the Askania or tha
intersection of the orthogonal lines on the Contraves film. The operator
then clears the Telereadex and moves the cross hairs to the center of the
target image. Ths displacement (x, y) of the target image from the center of
the frame is punched on cards by the IBM card punch, The operator then
selects the best image of the second target, zeroes the machine, and reads
the displacement of that image. This is done for each of the targets.
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After all the targets (direct and indirect) have been read, the film
is run to the first readable missile image marked by assessments, The
above procedure is followed for reading missile images,

Each frame is
zero2d, read, and punched on cards as requested by the projects.

DIAL READINGS FOR 35MM FILM

The boresight readings give the image location (target or missile) with
respect to the center of the frame. The dial readings give the angular
position of the optical axis, which goes through the center of the frame.
This brings the internal system of the camera into aiignment with the ex-
ternal system of the range. The film should be run to the first target
image recorded, the azimuth dial read, and the information punched on the
card., The azimuth dial is read for every frame which was meacured in the
orientation and boresight corrections, After the azimuth dial corresponding
to the last missile image is read and recorded, the operator returns to the
first target and repeats this procedure, reading the elevation dials.

To summarize, three sets of cards are punched: One set with the
orientation targets and missile displacements, one set with the azimuth dial
readings, and the third set with the elevation dial readings. These three

sets of cards are combined and fed to the IBM 7094 for computing corrected
angles and trajectory data.

TIMING ON ASKANIA FILM

A binary coded decimal timing is used on the Askania film, While the
film moves from left to right, the code is read from right to left., The
code is always at the bottom of the film and recycles every ten minutes,
Zero time is indicated by three reference marks with no coding indicated,
There are alsc reference marks between decimal digits. The code from 9

ninutes, S1 seconds through ten minutes as it is seen on the film is shown
in Fig. 18.
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Film Movement Piress

| ~lnits of minutes  __Tens of seconds . boits of seconds  Time Indicated
: 1118 111 @ fiit @

3421 reference 4 21 reference 8421 reference

118 1.18 ___18 9 min 51 sec

L__1@8 .18 I 9 Min 52 sec

I | 1.18 S I A - 9 ain S3 sec
, 1..18 1.1 8 _1l__B 9 min 54 sec

R - 1.18 ~L-1 9 min 55 sec
, 1..18 1.1 N 9 »in 56 sec

L__1@ 1.18 _llla 9 min 57 sec
| l._La l.l@ L@ 9 ain 58 sec
' 1ol 118 1..1L8 9 min 59 sec

R | P ____D0h 10 win

Fig. 18, Timing on ‘Askania Film
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Timing on Contraves Film

IRIG Standard Timing (Format B) is used on the Contraves fiii.

Format B is basicaliy a pulse-width code in which the time is expressed
twice in each time frame, (Figure 19a)

The first code word is time-of-year expressed as binary coeded decimsl.
The second word is time-of-day expressed in straight binary notation, as
seconds only,

Qutline of Format B

1. Time: Universal Time (UT-2)
2. Time Frame: 1,0 seconds
3. Code Digit Weighting options: BCD, SB or both
a, Binary Coded Decinmal timerof-year code word
(1) Seconds, minutes, hours and days
(2) Recycles yearly
b,

Straight binary time of day code word

{1) Seconds only

{2) Recycles each 24 hours

A timing index is used on the Contraves film, It is found at the
beginning of the film, It is measured as follows: .

A

1
u%ooooooaaeoanocnn

i
lﬂli‘ll37
ancananeoooenooaosaoaslalg/

Fig. 19,

Timing Index on Cuntraves Film

The discance AB is measured as shown in Figure 19,

#When reading the
time of .the first frame the true time of that frame is located 2 distance
A8 from the time actually shown for the frame,

The difference between these
two times is the correction to be applied to all succeeding frawes.
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THE CINETHEODOLITE REDUCTION

The data obtained from each cinetheodolite consists of an azimuth
and an elevation angle to the missile from the cinetheodolite. The
azimuth angle (a) is defined as the anzle (measured clockwise from north)
of the projection of the missile on the horizontal plane. The e¢)lavation

angle (¢) is defined as the angle between the line of sight to the missile
and the horizontal plane (See Fig, 20).

Up
A

Fig., 20. Cinetheodolite Angles

These measured angles contain errors, some of which are known and
some of which are indeterminate. The known errors may be corrected for;

the indsterminate errors are minimized by the least squares position
solution.

Corrections for known errors in the measured angles or dial read-
ings may be considered as belonging to two groups: Corrections for
errors inherent in the camera due to mechanical limitations; and cor-
roections to bring the internal system of the cdvnera into alignwent with
the external system of the range.

The first group will include eccentricity and lens sag; the sccond
group will include reference zero, collimatio:n, and mislevel {or tilt)
and corrections which must be applied to compensate for tracking errors,

A further correction must be applied to the position data to compersate Z
for errors caused by refraction,

ey W

39

s T
s ) Julbh

m“!




X

The following method is used at White Sands Missile Range to determine
these corrections. Positioned about each theodolite statizn are eight equally
spaced optical targets. The exact location of these targets has been sur-
veyed, JIimediately before and after esch missile firing, orientation
shots of the targets are taken, first with the camera in a normal position,
and thin-with the camera in a dumped position (elevated through 180 degrees).
It is possible to compute the values of corrections for that particular
missile firing with data obtained from these orientation shots. These
corrections are taen applied to the measured angles to obtain the corrected
angles for the final cinetheodolite reduction.

Bocause of the presence of unknown sources of error in the instrument
and errors introduced in reading the film, the corrected rays from all
the theodolites will be concurrent only with zero probabiiity, Therefore,
the problem arises of estimating the position of a missile at a given time
from observations yielding a set of non-concurrent lines in spacs. This
is most frequently solved by assuming that the position of the missile is
at that point in space which minimizes the sum of the squares of certain
residuals (sometimes distances and sometimes angles). The method developed
here (the Davis Solution)* is based on the theory of least-squares, mini-
mwizing the sum of the squares of the angular residuals, It will be noted
that this solution is identical with the maximum iikelihood estimates of
missile position in the particular case in which the azimuth and slevation
angles are normally distributed.

ORIENTATION CALCULATIONS

Scale Factor of Film Reader (Cxy)

(180°) (Diagonal of film in inches)
(v) (Focal length in inches)(Diagonal in machine counts)

Cxy =

Theodolite Dia]l Eccentricity U8ag, Oefp)

Cg represonts the geometric .onter of the circle, If the dial rotates
around another point Cy, the arcs mea:ured on the edge of the circle do not
correspond to the turned angles of the Jiil plate. Eccentricity in the
dials may be expressed in terms of:

E = The displacement of the geometric center of the dial (Cg)
from the center of rotation of the dial (Cyp).

*R.C. Davis, "Techniques for the Statistical Analysis of Cinetheodolite
Data," NAVORD RPT 1299, NOTS 363, .. sal Ordnance Test Station, China Lake,
California, 22 March 1951,
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¢ = angle with respect to reference at which the eccentricity

error is

Figure 21 is the
properties:
|

.+ 8djor €dio -
i9as #¢ ~
Eul EE e

AGE » ACE -

Fig. 21,

increasing through zero.

azimuth dial on a theodolite illustrating the following

actual dial readings o< the azimuth and elevation dials
phase angle for azimuth and elevation dials

magnitude of displacement of center of ro:ation from
geometric center of azimuth and elevation dials.,

Eccentricity corrections

Dial Eccantricity Corvection
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Exosan ladyn - 9q)

tan Aag =
E 1 - !u cas ‘\adjg'l 9(;)

tan Aag =~Eqg sin {adyo - 14}
Since Aag is a very swall angle,
Aag »= tan Aap = Ea sin (odjo - $a)

The same procedure is used to measure the eccentricity in the ele-

vation dial,

Azimuth Zero Correction (Aa,) Orientation

Orientation error in azimuth {Acg) ic defined as the constant
difference between the surveyed and the measured location of the target
(within the desired anguiar reference systsam).

adjo = dial readings of the frame which shows the ith target
board with the camera in a normal position,

borasight measurement corresponding to adjo, in reader
counts,

<
=9
ube

]

arjo ® dial readings of the frame which shows the ith target
board with the camnera in reversed position,

Xyy = boresight measurementscarresponding to the arjq, in
reader counts,

ny = degrees count for the reader used to measure Xyj, Xri.

Aog = azimuth dial eccertricity correciion

agj = surveyed azimuth angle from nodal point of camera to ith
target board.

aj; = + (X5 ~
di = %dio * (Xai) Cop * Bog

arij ario ~ (Xri) ny - Ao,

E
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ba; = agj - —;— Lodi * uri) + 90°

Z Aai
bag = =l
N

An elevation zero correction. Ae,, is included in the level corvection
computation.,

Collimation (Cb)

Collimation is defined as the misalignment of the optical and
wechanical axes of the camera when the camera is eievated 180 degrees
or dumped, The arror caused by this misalignment is shown below.

Z

Fig. 22. Collimation Error Correction

aqi = azimuth dial reading of the frame which shows the jth target
board with camera in normal position.

apq = azimuth dial readingof the frame which shows the ith targot

board with camera in reversed position.

Ci = -+ (ari - ogj) + 90°

N
I ¢
CQ = i-l
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Lens Sag (D)

Lens sag is caused by non-rigidity of the camera lens barrel. This
effect is shown by an exaggerated illuftration. Error caused by lens
sag is maximum at 0° and is zero at S0°.

Target

/ Surveyed uvlevation
of target

Lens &

Barrel

Fig. 23. Lens Sag Error

Then if:

€ds € = corrected elevation dial reading of the frame which
shows the ith target with camers im normal and
reversed position respectively,
€d - (er - 180°)
2

Level Corrections (L, 4;)

When the cszera is not levelled exactly prior to operations, error
is introduced as shown in Figure 24.
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Camera L
Vertical\s ]

Fig., 24, Level Corrections

This error may be expressed in terms of L, the angle of maximua tilt, and
4L, the phaze angle in the azimuth plane at maximum tilt,

Let:
agys €34 = surveyed azimuth and elevation angles from the nodel point
of the camera to the ith targst,
’ i; td; = elevation dial reading of the frame which shows the ith

I target in normal position.
} L » magnitude of level correction

¢;, = phase angle

Assume that the error equation is of the form:

Bcy = Aegg ¢+ L cos (asj - ¢p)

= Ac

o + L sin usi sin ’L + L cos QSi cos ’L e

where
Aci " €55 - €4y
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Using:
N = L cos ¢
M= L sin ¢

Bej = 8cy + M sin ag; + N cos agy

Using & least squares solution, the following matrices are formed:

-

L sin agj L cos ag, 8¢, Laey
L sin ag; I sin? agy I sin ag; cos agg M| = |fAey sin agy
L cosag; L sinag; cos agy I cos? agy N LAcy cos agj

and solved for 4¢,, M, and N,

¢, and L aro obtained from:

¢, = tan~! @

N
cos ’L

ace, is the elovation zeroing correction.

Summsxy of Data Computed for Orientation Calculations

Cxy = Scale Factor

dag, Acp = Eccentricity

da,; &¢p = Azimuth and elevation zero correction (referencs)
Co = collimation
' D = lens sag
' L, ¢; = magnitude and phase angle of tilt
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Corrected Angle Calculations

Given dial reading (agjals €dial) and correction from sbove orien-
tation calculations, find correct a; and €; to be used in the reduction
for space positions,

Measured azimuth, elevation:

a
Cmeas * %ial * gp (See Fig. 8)

a
cmoas " cdial * BT (See Fig 8)

Eccentricity correction
Qe " Omeas * Aap

€E * tmeas * Acp
Reference azimuth, elevation

G, = ap + Aao

‘o - CE + A‘o
Lens sag
tp = ¢, + D cos ¢,

X and Y reader counts converted to collimation for Askanias are
X+ chy + Cy

Y. e,

and Contraves

X = (-X cos ep + Y sin ep) ny + Cy
Y = (X s1n ¢p + Y cos ¢p) Cxy
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Then correcting the angles for collimation,
. 3| sinep+ ¥ cosep
€c = sin Z
(1+%2+Y?

X
cos ¢ (1 + X2+ Yk

ac * ag + sin-!

Level Correction (L, ¢1)

i r- cos ¢c sin (oc - ¢)
(ag - 1) = sin” L. cos ¢,

1 /’sin €[ cos L - sin tc{)

aj = ¢ cos cos ¢ sin L

sin'l Ein cc cos L + cos €C sin L cos (GC - ’L)]

cos~1 El - sin? cL)i]

€L

Refraction Correction

The exact formulas for the refraction effect are extremely compli-
cated, Of the varivus approximate formulzs which have been proposed, the
following has been found to fit the rigorous curve within adequate ac-
curacy over the limits in which it is used in cinetheodolite reductjpps.

R -6.023157 (X2 + Y2)%
R Z + 100,000

Where (X2 + iji = distance in feet ‘o the projection of the missile in the
horizontal plane, and Z = distance in feet to the missile above the horizon-
tal plane, Acg is the correction in degrees which must be applied to the
measured elevation. An approximate position of the missile is required go
make this correction.
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COMPUTATIONAL PROCEDURE

The coordinate system usad is a cartesian system (X, Y, Z) where X is
positive to the North, Y is positive to the East and Z is positive upwards
from the origin,

Using twp stations an approximate position (X, Yo, Zo) is computed
by the Bodweli* mothod. If any ona coordinate disagreement is greater
than 300 feest another position is computed using one of the first two
stations and a third station. [If tucre is still a disaprce..on’ of sver
300 ‘eet then the sccond and third statioms are used to‘co. : : -
ximate position, pute tic appre

Assuming that Xo, Yo, Zo is a close approximation, the elevation
corrected for refraction may be computed by

€j = ¢ + deg

A Bodwell point is used as che initial point for each position

throughout the missile run, The Davis lsast square solution is then
used to compute AX, aY, and AZ gs follows:

A first approximation to ti® azimuth and elevation angles from the
ith theodolite is computed.
51' « tan-1l <—-9-—-—Y $! >
Xo - Xi

o - 2
€§® » tan~1 2 1

T X - X2 + (Yg YP2Z

where Xi, Y{, Zj are the coordina:s of the ith thecdolite.

ee A Least Squares Solution of the Cinetheodolite Problem,
HADC Report No. MIMT-138, 12 Dec, 1951

C.A. Bodwell,
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The true azimuth and elevation from the station are nvpressed in a Taylor's
series expansion in which the higher order terms are iizcarded as negligible.
These series are:

3a®; 3a’y 3a°;

i

ay = a% + o A% 3y byjr ——57 B2+ eoo 8))
. 3&:.1 35'1 3s.i

T I e M T £ A P M )

The function to be minimized is the sum of the squares of the residuals.
The residuals are the changes in the angles. This sum becomes:

N ) . . . 2
™ - a?s o _3_?..1_ - 3 i - da i. P: + - e*
s 121 61 a’i X 3y byi- =7 Az1> {rleg-ey

. . . 2
o84 _.9c _ % ]
ax by ay b 3z A’; ! ] G

where P and Q; are the angular waighting functions defined by:

(Xo - X102 + (¥ - ¥p)?
(Xe = X432 + (Yo - ¥{}2 + (20 -~ 202

Pi.' cos? € =

Qi = 1

P2 W i Juiin O0
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Substituting: Pja;; =

aa°
ax

0
%12 3y

3«01
. P1n13 n o Py

]
Qje4; = -;;*—-Qi

and the approximate positions with respsct to the ith theodolite,
Xo - Xy = x4
Yo - Yi =y

Zo =23 =3y
&nd letting

. .
8xj * 8k * 121 aij aix Py

R
hkj . hjk = iz; eg; ey 1

S1

iy S

. gV rod

N AL
st
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Express the simultanecus squations represented by

D )

ax

in the folicwing form:

(gy; * hyp) &xp 2 (@12 ¢ ny2d dyi+ (g3 ¢ hy3) 824 =
1 En (05 - a®5) Py« g43 (53 - €7) Qa

(812 + h12) 8xy+ (837 * hz2) by;« (23 ¢ h23) 4% o
) Eiz (ag - o®33 Py » o33 (e3 - %) Q;j

(£13 + Byg) B3y « (223 + h23) By + (kg5 = As3) A2y =

) Ei.’» {o; - 1) P4 * 43 (ef - ¢y} CQ

The values of the coefficients of the varisbles ixj, 4y;, and &35 in

Equationg 6-8, eveluated at ths firat approxizasion,

where

bscose:
g1} * h11 = g i? e 3
H i=l Rg‘
N Xé yi
£ +* htz = -
12 : igl g14 )

usinz Eouation 4

(5)

(6

-
~J
s

-~
(=]
St

-
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P;: xili‘\s
813**113'..-(' ~ }
i=1 Ri‘ 7

823 ¢ h23 = X'Q-L—-

is1 Ry4
N x4+ 242
i i
g » h =
22 b2 = 1 o
h N xiz + Yiz
‘ L3 »
33 33 i Ri‘

by substituting

express the coefficisntz of the variables in Equations 6-8 as:

N
2 2
121(81 . Ci)

N
A= | 1A

isl

N

~1 MGy
1=l

N

- 1 AiBy
is]

N
121“% + b

N

- 1 BiCy
™)

N
- I a0
i1

N ®
- 1 BiCy
isl

N
1 (af + 8D
i=]

and the cofactors Aj3j, 432, 833, 822. 823, 433, (Ajk * k) of the

seterminant A may be readily obrained,
cuomputed from the solutionof the simujraneous Equations 6-8, yielding:
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N . R
Axy = l 23] (@5 - a®1) Pj ¢ ej) (cf - €°3) Q4§ — 3

i=1 | ]
T : 7 a2

+ 1 (agp (o5 - o%5) Py v oegp (64 - €°y) Q| =3 (13)
icl _ . N
N [ T a3

R LERC R R TR R Y B a
=L J

with similar expressions for ay; and azj.

The new approximestz positicn thea bscomes

Xag = KXo * 8%4

The new estimated point is then used to find a new Ax, Ay, az. - .
This procedure {iteration) is continued either until Ax, Ay and Az are

"less than 0.1 units or through six iterations,

The azimuth and elevation residuals for each station are coamputed
(in racians).  The azimuth residual is multiplied by the cosine of the
elevation, After the last iteration, if the sbsclute value of any one
azimuth or elevation residual exceeds 2,25 minutes, the zzimuth and
elevaticl angles for that station are removed and the point i5 recomputed,

VARIANCE AND CO-VARIANCE OF THE COORDINATES

The angular standard deviations for each point msy be found from
the residual angles (Saj cos ¢4 and dey) using

A \v///' L{(8as) cos ¢3]2 + Lde?y
c  J
2n-3

The coordinate o's are then computed using the oA above and the cofactors
of the elements of the principal diagonal of the least squaresdeterminant,
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Rotational Computations

The position datg, having been computed in the nscs;'nro translated
o the desired origin und rotated into the desired tungent plane,

Hand Computing Space Position

A simple two-station reduction (Bodwell Solution) may bs used to
check the data which is received from the high speed computer, IBM 7094,
starting with the correctsd angles, a;, ¢3, a2, €2, as follows:

1, co3s q 13. A =81 8 ¢+ b] b2+ ¢} 2
2, cos ¢ 14, B = (x2 - x3) 01+ (y2 -y1) by + (22 - 21) €1
3. sinag 15, B2 = (x2 - x1) a2 + (72 - y1) bz + (27 - 21) ¢2
4. _COS 02 16. Az - 1
5. cos ¢ By A - 3
£ in e TE T
- a4
7. 8} = co3 aj cos ¢} -B] A + B2
18, 1z = 3
8. a3 = cos ay cod €3 Ac -1
9. ¢ = sin ¢} 19. Xp3 = r) ) + X .
10, c, = sin ¢ 20, yoy =Ty by + ¥y
11, V5 = cos ¢ sir oy 2l zp; =11 41 ;
12, D, « cos ¢2 sin ay 22, xp2 =Ty 83 ¢ X2 -
55 “;
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L. yo2 = Ty by vy,

4, 2,7, €2+ 2

25. xo .-M;Jz-—

*

Lol ¢ %52
2

27. lg -

(where x,, Y1,
stations, transisted and rotated,)

21, X2, Y2, 27 are the surve

56
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B. POSITION DATA

I1 Single Station AN/FPS-16 Radar, including Derivation
of Dew Point Temperature
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WSMR SINGLE STATION AN/FPS-16 RADAR
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INTRODUCTION

The primary electronic tracking instrumentatiion system at WSMR is the
AN/FPS-16 Radar system. The system consists of nine radars, located througii~
out the range: three at "C'" station, two each at King-I and Stallios site,
and one each at Tula Range and Phillips Hill. ‘

Although often referred to 3s a “systes", it is actually simply s group
of individual instruments, since each radar is capable of independently
determining the position of the object bsing tracked. The radar reduction
discussed in this section {s s sinzie-station solution for determining the
trajectory of a missile (or other target) in cartesian coordinates using
the range, azimuth, and elevation data as measured by one ralar station.

An N-station solution which cetermines u# single trzjectory f rom the waighted
averages of multiple-radar weasurements will be discussed in a iater section.

Basically a radar operates by transmitting a ligh-energy radio frequency
signal, A portion of this signal is intarcepted by a refiecting object
(target) and reradiated in all cdirecticna. That energy which is reradiated
back to tha radar is detected br the radar receiver, The distance 2o the
target is dotermined from the tize elapsed between the transmission of the
signal and the dstection of the echo. The direction or angular position of
the target is Indicated by the pointing angles of the antenna., (Normu'ly a
radar uses the same antenna for both transmitting and receivirz.)

The nost common form of rf signal transcitted is a tra. " < { narrow
rectangular pulses, modulating a sine wave carrier. Since electromagnetic
energy travels at the sneed of fight, the range tc the targa2t can be found

from R = -2—%5— where ¢ is the velocity of light, and At is the time required

for the wave to travel out and back.

Ouce tne transmitted pujse is emitted, a sufficient length of time must
be permitted to elzpse in order that any return echo may be detected before
the next pulse is :iransmitted. (Otherwise the At would be measured with
respect to the wicng transmiited puise and erroneous range data produced.)

The measurement of range becomes simply a problem of time measurement, Ths
pulse repetition frequency (prf), 'i.e., the rate at which pulses are traas-
mitted, determines the maximum range from thich echoss can be returned %ithout
ambiguity:

C

R(wax. unambiguous) = ~JTPRF)—
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The radar tranimits & narrow beam of radiation, using a highly
directional antenna, Consequently echoes are received only from targets
lying in the direction in which thebeam is pointing. If the antenna, and
therefore the radar beam, is swept or scanned around the horizon, the
strongest echo will be received when the beam is pointed directly at the
target, weaker echoes when the beam is pointed a little to one side or
another of it, and no echo when it is pointing in other directions. By
measuring the antenna position (in azimuth and elevation angles) at the ~ime
the strongest echo is received, the position of the target can be detsrmined.

A tracking radar is designed so that, once it has located the tsrge:
which is to be tracked, it will "lock on'" and automaically continue to point
its antenna in the proper direction to follow the trajectory of the target.

The FPS-16's are equipped with a closed loop servo control system to perfora
this function,

The FPS~16 is a monopulse tracking radar, having four feed horns located
at the focal point of its parabolic antenna. If the target is centered
directly in the beam path, equal amounts of returned radiation will be re-
ceived by sach of the four horns. If, hewever, the target is off-center, by
comparisons of the signal strength received =z each of the horas, error
signals can bo developed to direct the servo system to automatically correct
the anterna pointing direction., The zzimuth tracking error signal is propor-
tional to the difference beiwzen the sums of each vertical pair of horms.

The elevation tracking error signal is proportional to the difference between
the sums of the horizontal pairs, (See Fig. 1)

LAz, = (A¢C) - (B+D)

AEl, « (A+B) - (C+D)

FIGURE 1 - Feed Horn Configuration

The sun of the radiation recoived by ail four horns is used to develop
the reference signal to which the azimuth and elevation error signals are
related. This susi signal is also used to develop the automatic gain control
(AGC) signai, The AGC controls the amplifier gain of the radar receiver to
insure that the signal level in the receivsr is kept within the limits of the
receiver’s linearity, and to prevent losse: of small signals by noise or
iarge signals by receiver saturation. (Another application of this AGC signsl
will be discussed in connection with the "Radar Cross-Section" data reduction.)

The basis data obtained by a radar consist of range, azimuth, and elava-

tion observations, with timing, recorded digitally on magnetic tape in binary
ccde, The FPS-16's at WSMR use standard IRIG timing.
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= RRECTION

A precises calibration technique is necessary to correct the rPS5-16 raw
data for known errors. This includes orientation calibrations, data shaft

eccentricity corrections, mislevel andantenpa sag corrections, beacon delay
corrections, and refraction corrections.

Orientatjon Calibratjons

Each AN/FPS-i6 radar employed at White Sands Missile Range utilizes
an orientation system ~f six orientation targets, boresight signal generator,
range corner -eflector and two boresight targets, The targets are referenced
in elevation and azimuth with respect to a local grid system and positioned
S00 yards from the mechanical axis of the radar. The target boards are four
feet square and are mounted on sixteen foot poles approximately eight feet
above the ground, Each target is quartered and brightly colored with opposite
quarters of the same color. One target, the grid target, is positioned in
the same horizontal plane of the radar at an elevation equal to zero mils to
insure an elevation plunge (dump) angle of exactly 180 degrees (3200 mils).

An optical telescope is used to sight the targets for positioning the
radar, The telescope can be moved from its mount., The telescope mount is
welded on the antenna suppor-t structure of the radar.

The boresight signal generator and the boresight targets are mounted
on the boresight tower approximately five hundred yards from the radar.

All calibration data are supplied by the radar division to Data Reduction
on & data correction sheet (Fig. 2).

The first step of the calibration procedure is to determine the relation-
ship of the verticsal plane through the optical axis of the optical telescope
to the vertical plane which is perpendicular to the elevation axis of the
radar, This is done in the following manner:

a. Place the telescope in its mount in the reverse position while the
antenna is in the normal position, -

b. Plunge the antenna in elevation and direct the mount until the
vertical cross hair of the telescope coincides exactly with the vertical
line on the grid target. (Read azimuth octal at the console.)

¢. Return the antenna to its normal position and return the telescope
to its normal position. (Note that the azimuth reading has not changed.)

d. Read the deviation of the grid target board vertical cross hair with
respect to the telescope vertical cross hair, The sign is positive if the
grid target cross hair is to the right of the telescope cross hair, negative
if to the left, The deviation (c]) is recorded on the data correction sheet.

The next step in the procedure is to determine the location of the beam

axis with respect to the plane which is perpendicular to the elevation axis
of the radar. This is done by:
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a. Track the boresight tower in the automatic mode at the receiver
frequency and receiver bandwidth that is to_bs-used during the mission, with
the mount and optical telescope in the normal position.

b, Observe the optical targetm the boresight tower with the optical
telescope., Read "a,", as positive if the vsartical line of the target is
to the right of the vertical cross hair of the opticsl telescove, negative
if to the left., Read "e}", as positive if the horizontal line of the target
is above the horizontal cross hair of the optical telescope, negative if it
is below. The "al", and "e]", are recorded on the data correction sheet.

c. Plunge the antenna in slevation and rotate 3200 wmils in azimuth,
and track the boresight tower again. Read "a2, and "e2" as above and
record them on the correction sheet,

d., Observe the six orientation targets in sequence. Direct the mount
until the Lorizontal and vertical cross hairs of the telescope coincide with
the cross hairs of the targets, Record on the correction sheet the azimuth
and elevation readings converted to mils for sach target.

The last step in the calibraticn procedure is to determine the range
calibration.

a. The radar tracks the corner reflector, the signal in the skin gate,
The octal range reading is converted to yards and recoxded on the data sheet.

Data Shaft Eccentricities

The data shaft eccentricity error is defined as the error introduced
in the recorded data by the data shafts'not rotating about their true centers.
The eccentricity constants for each radar sre supplied to Dats Reduction by
the Radar section,

Beacon Delay Correction

The time delay between the reception of the radar signal by the beacon
transponder in the missiloc and the transmission of ths transponder‘s own
signal is known as the beacon delay.

Prior to a test, the beacon delay is wmeasured and compensated for ia the
field. The field measurement is compared with the beacon and skin cata dif-
ferences. If the differences aremt zero, then a correction is added to the
field measurement to produce zero differences.

1f circumstances prevent the beacon delay setting, the negative of the
beacon delay (Q) must be recorded on the data corrsction shaet.
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The error constant (H) is that introduced by the elevation axis of the
radar not being perpendicular to the azimuth axis,

The error constant (D) is that intrcduced in the elevation angle due to
the sag caused by the weight of theartenna.

Refraction Corrections

Refraction error or propagation error is that error introduced in the
elevation angle and range due to the variations in the velocity of propaga-
tion through the atmosphere.

The values recorded on the data correction sheet are:

a, The wet bulb (T,) and dry bulb (To} temperatures which are
determined by the usa of a psychrometer.

b. The barometric pressures (Py).
Mislevel Correction

The mislevel error is that error introduced by the azimuth plane of
the radar not being coplanar with the surveyed azimuth plane,

Definitions of Symbols Used in the Reduction:

aj, 22, ¢], ¢2 = Optical to beam axis observations

a, ¢ = Correcticns for non-perpendicularity of beam axis to
elevation axis

Co = Correction for non-perpendicularity of beam axis to the
elevation axis ((Collimation)

c] = deviation of grid target vertical cross hair with respect
to telescope vertical cross hair

agi = Recorded azimuth of the jth target

€5 = Recorded elevation of the jth target

¢e] = Amplitude of elevation 1 speed shaft eccentricity
ec16 = Amplitude of elevation 16 speed shaft eccentricity

$¢1 = Phase of elevation 1 speed shaft eccentricity
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bc16 ® Phasa of elevation 16 speed shaft eccentricity
egl = Azplitude of azimuth I speed shaft eccemtricity
6415 = Amplitude of azimuth 16 speed shaft eccentricity
9q1 * Phsse of azimuth 1 spesd shaft eccentritity

da16 = Phese of azimuth 16 gzpead shaft eccentricity

B s Non-porpeziicularity of azimuth axis of the radaz to the
elevaticn 2xis of the vadar

D = Err-. dus to sag caused by the weight ¢Z the antina
ags = Surveyed ezisuth angle of the ith target
t54 ® Surveyed elevation angio of the 1th target

L = Amplitude of tiit

¢, = Azimuth angle away from true nusrth, at which the msximm
mislsvel occurs

Agy = Blevation cslibration qorrsstion (seroing covrection)
Aa, = Azimuth caiibration correction (zsrving correction)
n « nuuber of targets
ep = Ampiitude of rangs 1 speed shalft eccentrisity
¢ = Phage of rangc 1 speed shaft sccentricity
Ry = Ubserved Range '
Rg = Surveysd Range
&R, = Rsnge calibration correction
Sy, 8oy ® Angular residuals for it targat
Kias X290 Kjps Kag » Cosfficients of zefraction
N = Index of refraction (not te be corfused with X » L cos o)
Py = Prassure in ilidars
Ty = Net bulb tempersturs in dogzees absoluts
T, = Dry bulb texpsraturs in dr.gress adbsglute
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€ojs %0j * Observed angles at the jth time
Roj = Observed range at the jth time

Q = Beacon delay

free space velocity of propsgation

Fe Radar velocity of propagaticn » 1.020030

565' ag; = Final corrected angles at jth time in the radar tangent¢ plane
Rgs = Final corrected range at jth time
Aj' i, vy o* Direction cosines of radar line of sight at jth time
Xy%, 73", I3" = Coordinates at jth time in WSCS plane

X5t Y ' Zy' = Coordinates at 3th time with raspect to desired origin in
: WSCS plane

Xj, Yj, Z; = Coordinates at jth time with respsct to tangent plane of
desirsd origin

Mathematical Procedure

The foilowing is the procedure for the single station rsduction of
AN/FPS-16 radar data,

Angular Orientation Calculations:

The correction3 for the error introduced by the radar beam axis not
being perpendicular to the elevation axis are computed as follows:

8y - a
1 a-—L—z——-z-..
e} - e
2. =
€ 2
I
3. Co=a - 3

By applying corrections (1) and (2) tc the recorded azimuth and elovation
angles, all observations become refcrenced to the besm axis,

€]j * €03 - €

Py

@iy = Gpj - 8

W




The angles are then corrected for data skalt eccentricity srrors by the
following equations.

€25 * =13 * €1 Sin (eg4 - ¢g1) ¢ ocyg sin 16 (e34 -~ 0516)
az3 ® ayf * Oq1 sin (a33 - ¢q1) ¢ @,)¢ sin 16 (o35 - 4a16)

The angles corrected for the error constant (H), introdaced by the
non-perpendicularity of the elevation axis to the azimuth axis, become

€33 = sin-1 (sin ey cos [H|)

-1 sin €2§
agy = azj + sin sin H cos é;;‘

Then, correcting for the error constant (D), due to the sag caused
by the weight of the antenna, the elevation becomes

€4i ™ €335 - D cos €35
The azimuth angle is corrected or collimation (Cp), the orror due
to the non-perpendicularity of the beam axis to the elevation axis, by
the following equation:
agq ® o35 * Co seC 34
Using the surveyed angles of the tazrgets and the corrected angles
compuse
' daj = agj -~ a4
Aey = €ei ~ €44
The correction for the non-level error, which is due to the azimuth
plane of the radsr not being coplanar with designated azimutk plane, is
conputed using the surveyed azimuth data of the targets and the corrected
elevation angles of the targets.
Assuming that the error equation is of the foras:
€gf - €43 = ey v 'L cos (agy - )

+ B¢y + L cod agj cos ¢f, + L sin agy sin ¢ (1)
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let M » | sin 4

N =L cos ¢

Since Ae; = €4; - €45, oquation (1) becomes:

Mgy = Ay, + M sin agj + N cos agj
Using a Jeast squares mothod, the sum to be minimized is:

n
S = ] (beg + M sin 144 + N cos agj - Aci)z
i=]

and
2S B n n n
e, "2 -n Acy + M izlsin aggy *+ N i.Zlcm agg - izlui]
25 i n n o, n
“w "2 ileim agg + M 1§lsi.n agy ¢+ N igi’h Ggj COS agg

n
izlACi sin °si]

n n n
o " 2|8, Jcosag; + M T sinagy cos gy + N ] cos? ag4
o [ j=21 gy o 177 a1

n
1 4¢; cos agy

i=1
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The simultaneous equations are represented by

n n n
nde, +N Jcosa, +M §sinag = ] aeg
RO A T - U R 101
oo ] FRUN JU
Ac sin a.; + N sinag_; cos a ; *+ M sinc @ ; = A¢; sin a
©4o T Ui st i a 17 4e 4 si

n n n n
e, Jcosagy ¢+ N Jcos2agy+M Jsina, cos agy = [ Acj cos a
©gar S g % T o i st

Azy, M and N are obtained using the following matrices:

'i sin agg ‘f cos ayy ) C‘) ‘2‘ 8y
is] i=1 i=1
n, n n
] sin? a4 I sin agf cos agy M| = | ] aeg sin ag
i=] i=l i=]
P} = :
'L €08 agi sin a 4 cos a cos N A¢; co5 agj
ic) s is1 si si i21 e 31 \_/ e si

\. - / \ /

Then L = (42 + NOf&
o = tan”} (“u”") -

#, i3 the azizuth onplc cuzy from true morth, at which the maximum
islevel occurs,
Ac,, = the elevation calibration correction.
Compute the azimuth calibration correction
n
4a,y = Z Aaj

i=]
n
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Range Orientation Correction (ARy)

Correct tne range as follows:

’(Ro - ‘R)
Range error = oy sin ““‘Eazg“-'

AR = Ry - Ry

AR, = AR + Range error

Angular Residuals:

Compute the angular residuals as follows:

i 6cy = Ay - (8¢, + M sin agy ¢ N cos “si)

Sa; = baj - lag

Coefficients of Refraction:
The coefficients of refraction are determined by the following formulao:*

Kje = (-1.018595636 x 1073) (N)

3.568912557 x 10° - 4.351144769 x 103 (N) + 2.152067349 x 10 ()7
5

i Kze

4,850656971 x 1072 (N)3 + 4.143517896 x 10 = (N)4

! Kip * According to Table I (N units vs Kjp)

Kop = 1.526309835 x 104 + 2,851703765 x 10 (N) - 3.067090397 x 10-1 (N)2

4.943394167 x 10”4 (N)3

+

where N is the index of refraction determined by the contribution due to the
pressure and temperature {S units) and the contribution dus to the pressure
of water vapor (R units)

*Peaxson, Kermit E., Kasparek, Dennis D., Tarrant, Lucile N,, "The Refraction
Correction develered for the AN/FPS-16 Radar at WSMR™ (U), USA SMSA
Technical Memo:andum 577, November 1958,
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Compute:

. 6.22 log~i é.4051 -~.Z%§§:)
.

a
P, - 10 log! <§.4051 - -3%§§f>

4 x 107" (T, - To)

&
]

where

Dry bulb temperature in degrees absolute

o-l
[

t—!
[}

Wet bulb tesperaturs in degrees absolute
Po = Proszure in millibars

Then the dew pcint temporature, TD, becomes

D o e 2353

(Ta + Tp) Po ]
3.4081 - lo
g [ 10 (T, + Tp) * ©.22

77.6 (P,
R{umits) = log=! [(TD - 273)(.02789) + 1.42618)

N(units) = R(units) + S(units)
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units

224
234
244
252
261
269
276
284
292
299
306
312
319
324
330

334

thru 233

thru 243

thru 251
thru 269
thru 263
thru 275
thru 283
thru 291
thru 298
thru 305
thru 311
taru 318
thru 323
thm 329
thru 333

thru 340

TABLE ]

N units vs Kir

e
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Kir (yards)

-3.03
~3.04
-3.05
-3.06
-3.07
-3.08
-3.09
-3.10
-3,11
-3.12
-3.13
-3.14
-3.18
-3.16
-3.17

'30 18
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Data Point Correction:

Having determined the calibration corrections, iie observed data at the
jth time are corrected by the following formulae:

The data corrected for data shaft eccentricity errors are

€1j ™ €oj * Cel sin (€55 - #¢cl) * ocl6 sin 16 (aoj - 0;16)

alj = agj *+ €al 3in (a5 - fa1) * €gi6 sin 16 (aoj - 4al6)

Rig = Rog + og sin ['(Roj - ) ]

2048

where:
¢oj = observed elevation angle at the Jth time.

observed azimuth angle at the jth time,

%0j

Roj v observed range at the jth time.

Correct the angles for the error constant (H)

€2j = sin~1 (sin cqj cos |H])

sin ¢
a2j = apj + sin-1 én H -—___‘_I.LD
cos ¢2j

Correct the elevation angle for the error constant (D), and the azimuth
angle for the error constant (Cg)

€35 = €35 - D cos €23
a3j = azj + Co sec ez

Correct the ungles for the calibration corrections (Acq, Aq,)

€45 = £3j + A¢g
agj = a3j * by
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Correct the range for the range calibration correction (8Ry) snd
beacon delay (Q) by the following equations:

Rz; = [ij +4Ry + Q] F
where

free space velocity of propagation
Radar velocity of propagation

formulae:

The angles are then corrected for the tilt (L) by the following

€55 @ sin-! [sin €4j €03 L + cos 45 sin L cos (ayy - o]
asj = ¢, + sin-l

[ cos €4j sin (agj - oL)

cos tsj

-4t eos‘l

b

"-sin c44 ¢ 3in eg4 cos L

cos ¢5§ sin L

Correcting the angles and range for the refractiom correction, the
final corrected sangles and range become

Kie sz €oS €5 '
':6j = ‘Sj -

K2° + sz sin €54

a6j = %55

R6] . sz ) Kir sz cos 55)_]

X2r + R2j sin ‘€5j ]
The direction cosines of the line of sight from the Radar to the missile
at time j are determined from the corrected angles by:
Aj = cos €g; cos ag;j

uj = cos °6j sin "6j

vj * sin c6j
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The line of sight is rotated into the WSCS plane by the followiag
rotational matrices.

£ )

A

!
R lkj' jcos Qj cos sj (
(M) u. = sin «, cos €,
J { : ] {
3 ' ) £in ¢,
/ \ I
where
PMp o My My
1 = ! '
M= SMy My My
M \
= 13 Mz Mag
and
‘ M11 = sin ¢0 sin ¢k cos (Ao - Ak) + COS ¢0 £os ¢k
M12 = -sin ¢k sin (Ao - Ak)
f MlS = -cos ¢0 sin ¢k cos (Ao - Ak) + sin ¢0 cos ¢k
ﬂ MZI = sin ¢9 sin (AO —Ak)
M22 = Ccos (AO -Ak)
‘ M23 = -cos ¢0 sin (Xo -Ak )
= -§13 £ - j
M32 s13 ¢0 cos ¢k cos \xo Ak) + sin Qk cos ¢0
M32 = cos ¢k sin (xo - Ak)
P M33 = Co$ ¢9 cos ¢k cos (AG -~ Ak) + sin ¢0 sip ¢k
)
*The derivation of this matrix is described in ADDENDUM I.
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¢0, AO = Geodetic Positions of the WSCS Point

b

Geodetic Positions of the kt' Radar

2 kk

The direction cosines are then converted to rectangular coordinates in
the WSCS plane as follows:

x.** = C, R6.(cos ¢. cos a,
; R J(c LJ o aJ)
yj” = CR Réj(cos Cj sin aj)
z2." = C_ R6. sin ¢,

J R ) j

C. = conversion factor from yards to desired units. The cocrcinates
are thgn translated to the desired origin by the following equaticns:

xj' = xj" + AX
yit =yt by
zj' = Zj" + Az

where AS, Ay, Az are the WSCS coordinates of the radar with respect to the
desired origin.

The position data may then be rotated into the tangent plane of the
desired origin by the following rotational matrices

PN )

(A) ) y;

T s m——

1
j
2}
j

where ML is the M matrix as defined previously, except that ¢L, XL
replaces Qk’ Xk.

¢ L XL’ = Geodetic Positions of the desired origin (usually the

Launcher)
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and Az is the rotational matrix that orients the system to the line of fire.

[cosA sinA 0
(Az) - -sinA COosA 0
0 0 1

where A is the azimuth of fire frum true north positive clockwise.

The range, azimuth and elevation may be computed with respect to the
launcher by the following equations

2 2 2.1/2
X. ¢ . + 2.
R - (" +yy +25)
3 Cr
- Y.
a, . = sin 1 J
L 2 2172
. + .
(xJ yJ
z
= -1 J
ELJ' sin
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AN/FPS-16 DATA CORRECTION SHFET

INFORMATION
INSTRUMENTATION RADAR NO, DATE
TARGET ROUND NO, OPERATION TIME
AZIMUTH OCTAL DATA SAMPLING RATE
REMARKS :
|
{
IN AUTO
K~ .. - -
. _CORRECTION DATA
WET BULB DRY BULB PRESSURE
SKIN GATE OCTAL BEACON DELAY.
. DEVIATIONS FROM VERTICAL CROSS HAIR
! .
i A Ry E) Ea.

TARGET OBSERVATIONS (OCTAL)

TARGET NO 1 2 3 4 5
AZIMUTH
' ELEVATION
l
FIGURE 2
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DERIVATION OF PSW-POINT TEMPERATURE

The dew-point temperatuze, Tp, is defined &3 the temperature to which
moist air must be cooled, while keeping both pressure and mixing retio
constant, until the moist air just reaches saturation with respect s the
water. The dew-point temperature can be expressed as.a function of the
partial vapor pressure of humid air, e;, which in tura is found fros the
wet bulb temperature, dry bulb temperature and mixing ratios.

The basic relationship used to express the dew-point temperature in terms
of partiai vapor pressure is derived from the Clausius-Clapeyron equation,
(sometimes cslled simply the Clapeyron equation). Whenever a substance changes
phase (molts, freezes, evaporates or condenses) a quantity of heat must be
supplied or taken away from the substance while the temperature rexsins constant.

This quantity is called the latent heat (L) of the phase change., If, for ezampie,

as in the computation of dew-point temperatures, the two phases are water and
vapor respectively, then L is the latent heat of evaporation. The Clausius-
Clapeyron equation relates this latent heat to the discontinuous change in
volume accospsnying s phase change and to the slope of the curve of saturation
Vapor przssuré vs, temperature:

deg
L A" - T ontmveem—n
= (vz - v1) T

where vz, v; = specific volume of vapor and water respectively
eg = saturstion vapor pressure

T =« temperature.

when the spscific volume of vapor is much greater than that of water,
(i.e., v >> v;), and the vapor is assumed to obey the perfect gas law PV = RT,

R being the gas constant for vapor, equation (1) can bs writcem in the form:

des _ L dT ‘

e R T2

Assuming that the latent heat is a function of temperature, L = b-cT,
equation (2) can be integrated to give

In eg = - _lL_ - =S 1n (T) + Constant

RT R
or, letting

B.-——'

(1)

(2)

(3)




A = the constant of integration,

In eg = <-%--Cln (T)vg

Substituting numerical values for the constants, and meazuring the
temperature in °K, the value of the saturation vapor pressure, es, in
contibars is found from

( In o5 = [ 676;'61 - 4.9283 1In (T) + 51.9279

Converting to common logaritﬁ-s equation (5) bacomes:

log og = '29;:7" - 4.9283 log (T) + 22.5519

or equivalently:

T{22.5518 - 4,9283 log (T)] - 2937.4
T

log eg =

An expression for log (T) is found, assuming the mean of the sxXpected
tempeature range to oe 280°K,

log (T) = log eT_ + log 280)
280 '
1 1 T \ 1 280
- *
og ¢ In 280/ og ( )

\
/ + log (28Q)

L

= ,43429 In Ly
280

83

(a)

(5)

(6}

N

(&

(a3 »




A series expansien for In (-5%-6-) when (-%-(-)—-) > —%— , neglecting

aigher order terms which are insignificant, yields

Ris
L T I -1
S n (I . (280 o[ L 280 ‘o
280 T T LY

\ 280

Substituting eauation (9) in equation (8) yields

log (T) = .43429 (1 - _Z,g_g__) + 2.44716731 (10)

Using this expression in equation (7) gives the equation for saturaticn
vapor pressure as a function of temperaturo:

280 \

T * 2.447!6731]} - 2837.4

'r{zz.ssm - 4.9283 [.43429(1 -

log e, =
§ O T

= 7[22.5518 - 4,9283 (2.44716731) - 2.0910284( - ...2.%‘.)..>]~ 2937.4
T

T (8,4051) - 2353

= 1
T (11)
Prom this equation it can be seen that' the dew-point temperature, Tp, 15
related to the partial vapor pressure of humid air, ep, in centibars, by:
2353
Tp = 2
D ® 7gTa051 - log ep (12)

Y

The part’ ! vapor pressure is found from ti . wet buld temperature, dry bulb
temperaturc &. mixing ratios. The wet-bulb tempercture is defined to be the
temperature to which air may be cooled by evaporating water into it &t constant
rressure until saturated. The latent heat of evaporation is thought of as
~oming from the air., The mixing ratio, that is, the rativ of the mass of water
vapor present to the mass of dry air cont.ining the vapor, is not kept comstant,.
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If a stream of air at a certain pressure, temperature and mixing rat:zo
flows past a thermometer bulb which is covered with a damp cloth, water will
be svaporated from tae cloth by the flowing air, The thermometer bulb will
be cooled by the evaporation. When an equilibrium condition is reached, that
is, when the loss of heat by air flowing past the wet bulb equals the sensible
heat which is trarsformed to latent he:t, the following energy equation holds:

(To - Ty) (cp + WCP') = (w' « w) Lw (13)
where To = dry bulb temperature (temperature of approaching air)

Ty = wet bulb temperature (temperaturc of leaving air)

w = mixing ratio of approaching air

w' = mixing ratio of leaving air (saturated mixing ratio)

cp = specific heet at constant pressure of dry air

cp specific heat at constant pressure of water vapor

Ly = latent heat of vaporization at wet bulb temperature .

To and Ty are in degrees absolute.

The mixing ratio, w, is found from

welu (14)
Pd

\
My 10 ep R ‘
whero Py ¥ T » density of water vapor !
[
P-10e ‘
Pg " ng ( o P) = density of dry air !

and ep is in centibers and P is in millibars,
my = apparent molecular weight of dry air = 28,966
m, = spparent molecular weight of water = 18,0159

m,/mg = 0.62197

then A
6‘42 ep (15)

ale p .
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The value of the saturation mixing ratio is defined to be the maximun
value w may have at a specified temperature and pressurec:

6.22 eq

w' B vty S

P - 10 eg

where e, = saturation vapor pressuve in centibars

P = pressure in millibars.

Solving equation (13) for w,

Equating equaticns (15) and (17) and solving for ep yields

ep = v P = [w'-(To-w)-{%-]P
(c.zz ; 10w> 10 E, - (T - Tw)(f: - .622 %}} 6.22

where
cp = 1.003 joules/gram/°K

cp' = 1.81 joules/gram/°K

L, = (2502 - 2.38 Ty), but since Ly varies only slightly with the
temperature, L = 2502 joules/granm.
Substituting these values in equation (18) yields the solution

[w' + (To - T (-4 x 10°*)] P
°p " 10 [w' + (To -~ Ty) (4.5 x 10°9)] + 6.22
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A very close approximation to this may be found by assuming in equation

(17) that
cp' _ .
(——,;— (To W * 1> ¥l
Then "o (To - TD(-4 x 10791 P
e = [w (To w) ( X )] (20)

10 [w' * (To - Tw)(~4 x 10°")] + 6.22

which is used in the redv.cion of the dew-point temperature,

From equations (11) and (16) it is easily seen that

6.22 log~} [8.4051 . _2;.53_J
"

W' = (21)
P - 10 log-! [8.4051 - 2353]
Tw
If T. = w'

Tp = (-4 x 10°%)(To - Ty) = 4 x 10" (Ty - To)

then equation (18) becomes
(Tg + Ty,) P
ép ¢ 2 (22)

10(Ta + Tp) + 6.22

where e, is in centibars.
Substituting equation (22) into equhtion (12), the dew-point temperature
becomas
2353

8.4051 - log [ (Ta * Tb) P ]
L10(Ta + Tp) + 6.22

Tp =
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II1 Launcher Data
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LAUNCHER DATA

Introduction

Launcher data provide the distance a missile moves along its launcher,
and the velocity and acceleration of the missile along the launcher, The
data are obtained from a high speed fixed camera. A fixed camera may be
defined as a camera that utilizes a fixed field of view for photographing
mi3sile flights. The fixed cameras used to obtain these data at WSMR may
be hLigh speed 70mm or high speed Mitchell cameras.

The procedure involves finding the distance the missile travels along
the launcher when given the distance the missile image moves along the
image of the launchér in the film plane.

Film Reading:

The film is r~ad on the Telereadex (which is described in the
cinetheodolite section).

To aid in simplifying the reduction the camera is tilted through an
angle equal to the elevation angle of the launcher, The top edge of the
launcher image i= then parallel to the lower edge of the film frame. The
contractor places tapes of z certain width along the launcher at fixed
intervals, The edge of one of these tapes is chosen as an origin for the
film measurement, ’ '

The film is rsad in the following manner:
a, The telereadex is zeroed on the first visible tape,

b. Machine counts are read from the zero tape to three other
tapes.

¢. A reference point is chosen on the missile, Starting two
frames before blast, and without re-zeroing, this reference point is read

and the machine counts recorded for each frame until the missile leaves the
launcher.

Standard IRIG timing (Format A) is used on the film,
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Mathemat,. .. = -~*vation:

In the following derivation, raference is made to the figure below:

#xL

-xL *XF
FIGURE 1

Line xg is the x-axis of the film plane

Line x, is the x-axis of the launcher plane

ST is the optical axis of the camera and is perpendiculsr to Xp
A is the focal point of the camera

y is the unknown distance on the launcher

x is the projection of y on the film

BD 1s parailel to xg by conmstruction

-

0 is the angle between the launcher and the film plane
a = 90° + ¢

8 =2 90° - (8 + ¢)

1)2




P

Since

then

AABD ~ AAOC

BD L

X P

BD'—L'F'X"

By applying the law of sines to ABDX we find

y - BD
sin o sin 8

BD
sin (§UZ +¢) " sIn [907 - (6 + ¢)]

y - 8D
cos ¢ cos (0 + ¢)

- _BD cos ¢
y cos (6 + ¢)

- BD cos ¢
Y cos 6 cos ¢ - sin © sin ¢

By substituting equation ! in equation 2

L .
57 X cos ¢

Y ®" "cos 6 cos ¢ - sin 6 sin ¢

X

y=—p P )
-I—-cos 6 - T tan ¢ sin 6

From the right AASC in Fig. 1 it is seen that

X + AX

tan‘-.—.r._
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by substitution

X
—:{—cos 8 - -—E—Cﬁ-—-——rﬁ-}sin e

X
=7 P Ax . PxX .
-~ ¢cos 8 - iF sin 6 —IF sin e
< X - ©

P ox . Px .
1 (cos 0 - — sme)--LT'sme

a-—i—-(cose-—ég-—sine)

b-'—f-p sin €

where 3 and b are constants,

then equation (4) becczes:

X R
YT (5)

Since the distance (y) between the tapes an the launcher is known
and the corresponding values ot x are réad on the film, the values of x
and y may be substituted in equation (5) for two distznces thus obtaining
twe equations, a and b may be solved for in the foliowing maanor:

If yi is the known distance from the erigin on the launcher to the
ith tape and xj is the corresponding msazured distance on the film, then

yi o e
1 a+bxy
X2
! Y2 % "5+ b x2 ¢

F ayp+bxpyy=x ;

ayy;-+ b x2 y2 » x3 .
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and solving by determinants

X1 xl Y1

. X2 X2 Y2 . X] X2 y2 - X1 X2 ¥l
Y1 X313 X2Y1Y2-%X1Y1Y2
y2 X272
Y1 X1

b Y2 X2 LYl X2 = X1 Y2
Y x1y1 X2Y1Y2-X%XiY1Y2
y2 Xz Y2

These velues may be substituted in

Y3 * 375 X3

as a8 check on the computation.

The a and b are then substituted in the equation

X

y.
t a+bx

where y; is the distance the missile has moved at time (t) and x¢ is the
corresponding value of v, on the film,

Velocity and acceleration may then be computed as described in the
Yelocity and Acceloration section.,
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ATTITUDE DATA
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C.

ATTITUDE DATA

I Teleacope Orientation System for Mislevel
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TELESCOPE ORIENTATION SYSTEM FOR MISLEVEL CORRECTION

Four target boards have been placed an equal distance from and approxi-
mately every 90° about each telescope camera. FEach target board contains
two diamond shaped targets (Fig., 1) and has been set up so0 that a line through
the center of the two diamonds, which we will call the target axis, is precisely
parallei to the local tangent plane of the camera.

() tl |
TR

Ji( Fl
i Y

FIGURE 1 \

Inumediately before each missile firing having a requirement for attitude
data, orientation shots are taken for each camera, This is done by sighting
the telescope on each of the four target boards in turn and photographing them,
The data from these orientation shots from each telescope are used to determine
the mislevel of that particular camera, the phase angle of this mislevel, and
the frame edge referencing correction. These constants and the position data
of the missile are then used to find the correction to be applied to the V-angle
reading of the missile. The calculation of this mislevel correction also re-
quires the surveyed azimuth and elevation angles from the camera to the target
board in the WSTM system, the launcher and cazara coordinates in the WSCS system
and the azimuth of fire to which the position data are referenced.

The coordinate system used in the reductior of the missile position data
is defined as the XYZ system (launcher tangent plane), In deriving the equations
for this orientation system it is necessary to set up a new coordinate system,
X'Y*Z', The X' axis is positive along the line of sight from the camera to the
target board, The Y' axis lies in the film plane perpendicular to the X' axis
and is directed positive to the right and paraliel to the XY ‘plane, The Z'
axis also lies in the film plane perpendicular to the X'Y' plane, and positive
up, (Fig. ;5
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PIGURE 2

The V-angle is measured clockwise from the 2' axis to the target axis
image,

We will first consider the target axis, If the surveyed azimuth and
elevation angles from the camera to the jth target are asj and €sj then the

azimuth and elevation angles of the jth target axis in the local tangent plane
of the camera are:

agj = asj + 907
Ctj'o

The direction cosines of the j‘h target exiy in the local tangent plane
are:

aj = cos agj
bj = Sin atj
cj = 0

These direction cosines are then rotated into the launcher tangent plane
by the following rotational metrices:

[aLJ- aj\

by | = (A [R) | b; (1)
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where
cos A sin A O
[A] = |sin A cos A O (2)
0 € l_l
and A is the azimuth of fire to which the position data are rsferenced.
[cos o sin ay E1 cos ¢g O -sin ¢ ] [cos ap ~sin ay
[R] = [-sin g coOs o G 0 1 0 sin gy cos g O
0 0 }J sin gg 0 cos g 0 Y 1
[sin? ay + cos? ap cos ¢, sin ay cos ag (cos ex-1) cos ay sin ¢
= |zin oy cos ay (cos ¢ -1)  cos? ay + sin? ay cos ¢ sin oy sin x| (3
[cos ay sin ey -sin ak sin g cos ¢
where ay and ¢, are the angles thru which the direction cosines of the target
axis are rotatad to obtain the direction cosines in the launcher tangent plane.
The angles are:
Yy - Y
Xk - XL
e - 3w 2h
Xg = X))+ (Yy - Y
g = tan”! (k- X O - YU (s)
p + Zk - ZL
where Xk, Yio Z = WSCS coordinates of tne Kth camera
Xps Yi, Z; = WSCS coordirates of the Launcher
p = radius of curvature from the launcher to the kth camera
The radius of curvature, p, is found from the following equsation:
RN
e in2 2 i . (e
R sin? ag + N cos? ay (—}Rr-—)sinzaktl
103
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where
R = —adius of curvature in the WSCS origin meridian = 20,847,227,51 £t,
{ N = radius of curvature in the prime vertical = 20,946,965.81 ft,

It is now necessary to obtain the surveyed azimuth and elevation angles
of the jth target board in the launcher tangent plane,

The direction cosines of the surveyed szimuth and elevation anéles
from the camera to the jth target board in the local tangent plane are:
3 i gy ® €OS agy COS esj
bsj ® sin asj COS €sj
Csy = sin €sj

§ These direction cosines are rotated into the launcher tangent plane by
the following rotational matrices:

| 8'Ly ‘Sj\
b'Lj = [A] [R] |bsy )]

i C'LJ ch

where the rotational matrices [A] and [R] are as previously defined in aquations
(2) and (3).

The surveyed azimuth and elevation angles in the launcher tangent plane are:

b'L.
c'sj = tan~! /—a-'-%— (8)
\2'L; ,
r C.Lj
e'g: = tan~! ! (9)
SJ -L(avLjZ + b'sz)i

Now that we have the direction cosines of the target axis and the surveyed
angles from the camera to the jth target board in the launcher tangent plane
(X, Y, Z system) we will rotate the direction cosines of the jth target axis
into the X'Y'Z' system by the following rotaticnal matrix:
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ia'j { i cos a'sj €os e's; sin “'Sj cos e's; sin ¢'s;)| laLj'

2b'j |- i-sin a' S cos a'sy 0 bLj ‘ (10)

et - in ¢! sin a'es si , '
J_J cos a'g: sin ¢ S sin a sj sin e'sj cos e',lJ ;FL{J

th

The true V-angle of the j~ target axis in the X'Y'Z' system is:

bly
Vey = tan-! %.:9 (1)

The telescope may not be level, that is, the vertical axis about which
the camera rotates may not be parallel to the Z axis of the reference system,
Thus the Y' axis would not remain parallel to the XY plane. This results in
a V-angle error which will vary as the camera rotates in azimuth and may be
expressed in terms of L, the angle of maximum tilt or mislevel, and &, the
phase angle in the azimuth plane at maximum tilt, Alzo, the V-angle reading
~aference axis (frame edge} may not be perpendicular to the Y' axis. This

error may be expressed as dy,. These errors are determined in ths following
manner? -

Assume that the error equation is of the fora:
by; = (Vej - Vi) = 8yg + L cos (a'sj - oL) (12)
L = maximum tilt
9], = phase angle of maximum tilt

a'sj = azimuth angle from the camera to the jth target board in the
launcher tangent plane

V¢j = true V-angle of the jth target axis

V3 = observed V-angle of the jtM target axis

Equation (12) may be written as:
AVj = AVy + M sin a'sj + N cos G'sj
where M =L sin ¢

N =L cos L8
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Using the least squaras solution the following matrices cre formed:

n I sin a'y, L cos-a'y: ] 'Zv;] ribvj B
J . | !
Isina'gy I sin? a'sy L sin a'sy cos o'sy V| " I8yj sin a'sy
I cus a',j [ sin a',j cos a',j I cos? “'3j _J LN [Eavy <oe n':j_'

where n = number of targets used.

8yos M and N src then solved for, These values are substituted in the

following equation to obtain the correction (4yj) to be applied to the ite
V-angle reading of the tgleacope:

avj = 8Vp + M sin a3 ¢ N cos aj

where
Y = Y
xﬂl'xc

aj = tan~!

Xa, Yp = coordinates of the missile at the ith time,

X¢s Yo = launcher tangent plane coordinates of the kth telescope,
Then the corrected V-angle is given by

Vi = Vi ¢y

The V;'s are then used as input data for the N-station attitude
reduction, .

106




Computational Order of Formulae

Compute the rotational matrix

rcos A sin A 0
[A] = |-sin A cos A 0
L 0 0 1

where A is the azimuth of fire to which the position data of the missile are
referenced,

Compute for the kP camera:

I oy = tan”) @_.;;.
k = AL

where @
Xkr Yy o Zk = WOCS coordinates of the K~ camera

XLs Yy » 2 = WSCS coordinates of the Launcher

2, The radius of curvature, p, from the launcher to the Kt camers

R

Q—%—- 1) sin? ay + 1
where
R = 20,847,227.51 ft,

N = 20,946,965,81 ft,

(X - X2 + (Yg - Y)2IR
3. g = tan-!

o+ Zk - Z
4,
rsinZ ak * €052 qp €OS ¢} sin gy cos o (cos ¢4 -] cos gy sin c;l
¥
[R] = sin ag cos a; (cos ex-1) cos? x? sin? oy cos ¢, sin oy sin eki
-cos ap sin €y -sin &, sin ¢ cos ¢
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Compute for each target about the k*h comera:

1. Azimuth and elevation angles of the jth target zxis in the local
tangent plane.

atj -asj + 90

ctj'o

where agy is the surveyed azimuth angle from the camers to the jth target board,

2. Direction cosines of the jth target axis in the local tangent plane
bj = gin th

Cj'O
3. Direction cosines of the j*P target axis in the launcher tangent plane

bLi - [A] [R] bj

Ly \

4, Direction cosines of the surveyed szisuth and elevation angles from
the camera to the jth targst board in the local tangent plane,

RSJ = COos st cos ‘Sj
bsj = sin agy €03 csj

¢sj = sin €s;

S. Direction cosines of the surveyed angles in the launchser tangent plsane.

{ (‘I'.j r‘j
| bij = [A] [R] |bs;

L\cij kc’j
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6. Surveyed angles in the launcher tangent plane,

b
d; [y tan’l .__I.'J-.
b aij .

]
cL
céj = tan"! ]

(e;-'j 2, b;‘jz)i

Direction cosines of the jth target axis in the X'Y'Z' system,

a;'l cos c;j cos €5 sin a;j cos ¢34 sin :;j'
b - -sin ag, cos o, 0 |
cj -cos a;j sin ¢g;  -sin a;j sin c;j cos t;iJ

8, True V-angle for the j‘h target axis,

th = tan~! %)

9. AVj = Vg - V]

V; = gbserved V-angle of the jth target axis,

3

For the kth camers compute:

1. AVy, M and N are from the following:

-
n I sin “;j L cos a;j AV° xAV3
L sin “;j L sin? a;j I sin a;j cos a;j M |= |24V sin a;j
* J ! 2 '
I cos asj z sin a3; €OS as; L cos as; N

Tavy cos a;j

n = number of targets usad.
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where

V-angle

where

For the ith position data of the missile compute:

1,

2.

3.

Azimuth of the k! camers with respect to the i® nissile position

Y. -
gi = tgn"l (—..E..—S—.-Y)
\xn i xc/

Xp» Ym = coordinates of the missile at the it® time

Xc, Yo = launcher tangent plane coordinates of the kth camera.
The V-angle correction (pVj) to be applied to the 1th observea

AVj = AV, + M sin a; + N cos aj

The corrected V-zngle at the ith rime
Vg o VI * AVy

V; = observed V-angle reading at the ith cime.
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C.

ATTITUDE DATA

II N-Station Attitude Reduction

111




T

¥.Ctezion Attitude Solution

In this N-Station Attitude Solution a least squares procecure is exployed
twice. In the first application the residuals are functions of the V-angies.
The attitude rosulting from the first least squares procedure is then further
refined by rinimizing the sum of the squares of the errors in the V-angles.

The coordinate system used in the reduction of tho position data is
defined as the XYZ-system. In deriving the equaticns it is necessary to set
up a new coordinate system X', Y', Z', The X' axis is positive zlong tic line
of sight from the camera to the missile, The Y' axis iies in the .il= plane
perpendicuiar to the X' axis ard directed positive to the right anc parallel
to the XY plane. The Z' axis also lies in the film plane and is perpendicular
to the X'Y' plane and positive up.

In this coordinate system the direction cosines of the vector lying along
the missile image are sine and cosing functions of the V-angle. The V-angle
is wmeasured clockwise from the Z' axis to the missile image. These direction
cosines may be rotated into the XYZ-system by tiie following rotational matrices.

Y cos aj cos €5 -sinaj -cos q; sinej) - 0
oy | = iSin aj COS €} cos a; -sin @y sin ¢ sin v;
ny Q?n €4 0 cos €5 cos Vj

14, my, ny are the direction cosines of the image vector in the XYZ-systen.

aj, €¢j are the azimuth and elevation angles of the missile with respect to the ith

station,

The following figurs represents the situation that exists at each station:

Precading page blank
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T is perpendicular t& tiis projection of the missile axis and since it

lies in the Y'Z' plane it 15 also perpendicular to X'. T is petpendicular
to the plane determined by tho missile axis and the line of sight and is
therefore perpendicular to the missile axis itself, The direction cosines
of ¥ in the X'Y'Z' system are 0, cos Vj, -sin Vj and the direction cosines
(ug, vi, wj) of L in the XYZ system are obtained as follows.

ug cos a; cos €5 ~-sina;  -cos a; sin €] 0 \\
vi | = |sin aj cOs ¢} cos a; ~-sin aj sin g4 cos Vj
{
I .
w; | sin g3 0 cos cj -sin Vg

If ap, by, ¢y denote the direction cosines of the missile axis then
Gg Uj * by Vi + cp Wi = COS ¢ )

¢ is the angle between the missile axis zad t. Therefore, equaticn
(1) becomes

am Uj * by Vi ¢ cp i 0 (2)
The function to be minimized is the sum of the squares of the residuals,
The residuals are the cos ¢j, which would be 2ero if no errors were present.
The least squares sum to be minimized becomos
S = I(0- aguj — by vi — cy wi)? (3)
and

2B _.0- 2(ay Luj? + by Fuj vy + ¢, Luj W)

dag

S

i 0 = 2(ap Luj vi + by IVi? + ¢y Evy wy)

25 ao. 2(ap Tuj wi ¢+ by Lvj Wi + cg Lwi?)

3cy
The simultaneous equations are represented by
8y Lug? » by Iuj vy + cm Zuj Wi = 0
am Lug V4 * by Ivi2 + cp Ivy Wj = 0

am Tu, Wi + by LVi Wj + Cp IWj2 = 0
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Any combination of two of the above equations is sufficient to yield
a non-trivial solution for ay, bm, cp provided that at least two T vectors
are not parallel.

The proportional relationship between the direction cosines in sny one
of the three possibie solutions is

apibpicn = piqir

Solving the first two equations, p, q and r become

Tui vi Zug wy
p.

Ivil  Ivy wy

fug?  fuj vy
q.—

Tuy vi Ivi wy

uj?  fuy vy
rse

Tug vi Ivy?

Then if D=+ /p2 ¢+ q2 + ¥r2 | p, g and r are direction numbers,
"t
by = 'g'

r
Ca "

Since D has both a positive and negative value it is necessary to deter-
mine the correct signs of am, by, cm. Assuming thst D is positive the correct
signs may be readily found,

The direction cosines of one of the missile axis projections yive rize to
the following equation:

1j ag + mj Dy + nj cy = cos 8 (4)

where 8; is the angle between the missile axis and its projecticn in the
film plane, B8; is always an acute angle. Therefore

I ap * mi by *+ Rj cg > 0 (S)
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In the event chat cos B; is close to zero this equation is invalid for
that particular station, Therefore, it is advisable to check at least two

of the stations in the following manner,
1f (15 8y ¢+ m§ by + nj cu) X 0 for both stations then e signs of the
direction cosines are correct.

If (11 ag + mj by + nj ¢ £ 0 for both stations then the signs of
2y, by, Cy must be changod,

If tia (14 a8y * x4 by + nj cy) from the two stations are opposite in
signs, the station with the larger abtsolute value of (1 sy + aj by + nj cm)
is used to determine the correct signt of the direction cosinus, by use of
the above logic.

The approximate attitude angles may now be obtained by using the
direction cosines of the missile axis.

ap® = tan-l -2-2— (6)

o )

LI -1
L7} tan [.2. . bZ.]{

Ne now attempt to compute a "most probable sttitude”. The function to
be minimized is the sum of the squares of the angular residuals. The angular
residuals are the differences between the measured V-anzles and the most
probable V-angles. The most probable V-sngle may be sxpressed as a function
of the most probable missile attitude and station lccstion,

Since am, bm, cm are the direction cosires of themissile axis in the
XYZ-system, the direction cosines of the missile axis in the X'Y'Z'-system
wmay be obtained by the following rotation:

'y _ [cos aj cos ¢4 #in a; cos ¢§ sin ¢§ n
b'm| = j-sin ay cos af 0 bm (%)
c! -208 aj sin ¢i -sin af sin e cos ¢§ c‘)

and it is easily seen that

e D'm -8y 8in a4 ¢ by cos af
tan Vi® » . (9)
c'm =-2p cot af 3in c¢i - bm 8in af 3in ¢§ ¢ cy cos ¢}

where V;® is the mest probabls V-angle.
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The most probeble missile attitude is ar approximate sttitude plus a
small change in attitude, By the use of a Tayior's series expansion, where
A equals the approximate attitude and AA equals the chenge in attitude, the
expression for ths mos' probable V-angle becomes

f(A + 8A) = £(A) + 6A £'(A) + 4‘—;-5-9'(;\) 4 oo

Since AA is a very small change all higher order terms may be discarded
as negligibie and the function to be minimized becomes

S = £[V; - £f3 (A) - 8Af3' (W))2
If we assume a,°, €)° to be close approximations of the attitude, then
from equation (9)
fi(A) = V(;

f.(.“\) = tan-] -3!311‘! Qi + b‘ cos ai
-8y COS aj sin ¢j - by sin a§ sin ej + cy cOS &3

\,

and wv:® 7 av; °
IYX 8 (A) = Aa —J—;-— + Ae -—L-.—-
1 3GA aCA
where
av;"*
1. = sin Vi°® [cos V;® cot (az°® - aj) -tin V;° sin gj)
aGA
av;® . -sin? V;* cos ¢;
oep’ sin (22° - aj) cos? g°*

oj, €j are azimuth and elevation angles of the missile with respect to.the
ith scation,

Vi is the measured V-angls of the ith station. Then substituting equations
(12) and (13) in equation (11;

(10)

(11

(12)

(13)

(14)

(15)




—

and

2
\ avy* v;°
S=1L éi-vo -%%Aa-(a—;-,-)u (16)
\ [3v;° avy° [\ [ovy®
_5%‘5“_ s 0=21L <i - Vi) aﬂA.> - éa_a_io‘j aa - \aBA./ \3CA° Ae

. 2
5 wow2z gy AV o (R W:\Aa- V57 Nae
r1.Y3 3cA dap acA/ acA

The simultaneous equations are

:® .9 . ® A ‘ (]

paz [V v aer (YY) LY -z (v - vi\\ _2!17__ (17)
dap dap deA / dap
avi®\ /av;° vy * \2 N\ [av;*

Aal %9 <—a-‘-$ + Ack %{v} L[V - Vg acA | (18)

Solving these equations for Aa and Ac¢, the most probable attitude

becomes

T W GA‘ + 4a (19)

ep = €’ + A (20)

ap and cp then become the new spproximation of the attitude and a new

most probable attitude is computed,

This process is repeated until

Aa s .01

Ac s .01

Since da and Ac are small the sum of the squares of the residuals now

beccmes

S = 5(Vy - Vi®)% (21)
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We now proceed to the problem of loceting and rjecting V-angles
havirg errors greater than the errors to he expectaed.

Using the F test

where

' ‘ N = Number of stations used in the solution,
Substituting in equation (22)

1 (vi hd Vi.)z
1
S-(Vj - Vi*)?
b N-1

If one or more (Vj - Vi")2 > F [

S-(Vi - vi*)?
N-1

b ag

the station with the iargest (V; - Vi®)2 is rejected and a new attitude is
( computed. This process is repsated until all

3 S-(Vj - Vi™2 |
1 (Vi - Vi.)z <P ( (iN-l ILJ

An approximate value of F computed for the degrees of freedom encountered
in this solution is

Fg 17.44 + 15.792 @3‘-)

At this point a further check is made, If the variance of the V-angle
is greater than the maximum allowable value, the station with the largest
’ (Vi - V§*)2 is rejected and a new attitude is computed.
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The variances of the V-angles are found by

and the variances of the attitude are then computed using the 06 above and

the co-factors of the least squares determinant formed from equstions (17)
and (18) D

2 L ] 2
gay = === oy
ge2 = 2de g2

A A v

where A is the value of the determinant.
Definitions of symbols used in the solution

ays € - Azimuth and Elevation angles of the missile with respect
to the ith station,

X3, Yi, 24 = Coordinates of the ith station (samo system as the
missile coordinates) with respect to the lauacher,

Xms Ym, Zm = Coordinates of the missile.

Vi - Obsorved V-angle from the ith station.

1§, mj, nj -~ Direction cosines of the imags vector in the XYZ-system.
T. - Vector perpendicular to the missile axis,

uj, vi, wi‘- Direction cosines of I in the XYZ-systes.

am, bp, ¢y -~ Directior cosines df the missile axis in the XYZ-system,

3n, by, Cp - Direction cosines of the missile axis in the X'Y'Z' systea.

B; - Angle between the missile axis and its projection in the film
plans,

as®s €5 - Approximate attitude angles.
Aa, Ac - Change in the attitude angles.,

Vi® - A function of the approximate attitude,
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(25)




GAs tA - Final attitude.
© of - variance of the V-angles.

oai, oci - variances of the attitude.
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COMPUTATIONAL ORDER OF FORMULAE
SR AL Rt '4))
Gi = tan xn N Xi
': -1 (Zg = 24) (2)
' = tan .
| “ [Cm - X2 + (Y - YD2IK
Solve for 13, m§, and ny from
i cos aj cos ¢ ~sin ay -cos 34 sin ¢j ( 0
h .
mi| = |sin aj cos €5 <cos a5 -sin af sin ¢f sin Vg 3
ng sin gy . 0 cos &4 Loa Vi
and ug, vy, &nd wy
) cos oy C0s ¢ -sin oy -cos af sin ¢f 0
vgleisinaj cos ¢y cosay -sin ay oim g | c0s Vy (4)
v :
g sin ¢f 0 cos ¢4 J sin \
Tug Vv, Iu g
T & -
tviz' vy wy
tugz Iui wi
q=- . (6)
Luj vy Ivy wy
2
Luy ug v
re : (7
Luj vi  Ivi2
122
L
4
SRS G ——cnay ousstmg —




D-/p2¢q20r2
w-F
ba = 3

=+

Test
ljag ¢ m by e njcy>0 (1)
120m¢mbyenpcy>0 €2)

for any twc stations,

If both (1) and (2) are >0, sy, by, cq have correct signs,
If both (1) and (2) are <0, change signs of 2z, by, cy.

If (1) and (2) are opposite in sign take the ome with larger sbsolute
value of 1 &g + my by + ni cy and use the previcus logic to check signs.

Solve
'y cos aj cos ¢§  sima; cos ¢§  sin ¢4 o
b'm} = |-sin aj « CO8 af 0 b
c'n -cos a4 sin ¢§ -sin ojf sin ¢4 cos ¢ n
- bt
then V;* » tan-! (E":‘)
3V1°
i sin V;® {cos Vi® cot (ap® - ej) - sim V{® 3im g§)
A :
wv;* l -sin? ¥;°* cos ¢}

TN " sin (ep° - @) cos? N
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Solve for Aa and Ac in the following equsticns

av;*® avy° avy* v . av;®
bt (o) * e () Ganym B - WY Gy
° e\ ° 2 ™
/3‘/1 /avi aVy Vi
dal + Ael s L(Vy - V;°
\29,° \3cA°) T i - Vi) r”/

ap * °A. + Ao

Compute
€A " EA. + Ac
ap, €A Now become the new approximations. Equations (13) thru (19) are
repeated until
Aa s .01

Ae < .01

S = I(Vy - V;*)?

Tost if
(V: ~ "2
(Vi - Vi )2 > F [ S-Vi - Vi) ]

M-1

If one or more (V; - Vi®)2 > F =)

[ S-(Vi - Vi:)zJ

reject the station with the largest (V; - V;®)2 and recompute the attitude
until all

S-(Vi - Vi%)?
N-1

(Vi = Vi®)2 < F

F 4 17.44 + 15,792 :"f)

\N-2
snd recompute the attitude,

If (' S ) > 225, reject the station with the largest (V; - Vv;°)2
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Compute
2 S
Cv s W (23)
oap2 = AL o2 (24)
olcy = 22 o2y (25)

wvhere A;; and A2 are the cofsctors of the least squares determimant
formed from equations (16) and (17) and A is the value of the determimeat.
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APPENDIX I, F-test for N-Station Attitude

The value of I for the F-test for the N-station sttitude program iz an
approximate value found by linear interpolation for values of F in the
interval of 3 to 8 degrees of freedom at the 97.5% confidence level.

F3z = 17.44

Fg = 7.57

glh‘
s

|~

“~

FpF = 17.44 + (7.57 - 17.44) e 2L

col.—
]

uIv—-

N

(-9.87) (3 - DF
17.84 + —779) NER >

17.44 + 9:87)(24) /3 - DF
(5)(3) \ DF

17.44 + 15,792 [-3= DF\
bF

DF in this case is N-1,

Therefore,

Fpp = 17.44 + 15.752 %ﬁ’l‘—)w}wre N = no. of stations used.

The difference between the cumputed P using this equation and F found
from the tables is shown below: .

DF N F computed F table

2 3 25,08 38.51

54 17.44 17.441 " Most of the data will
4 S 13.49 12,22 fall in here
5 6 11,13 10.01 *
6 7 9,55 8.81

7 8

8 9 7.57 7.57

9 10
10 11 6.39 6.94

17 18 4.44 6.04
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Attitude and Yaw Reduczions of Projectiles in Free Plight, G.R. Trimbdle, Jr.,
Ballistic Research Laboratories Report Mo, 774, Abexzdeon Proving Grouad, Md.

The Calculus of Obgervaticas, Wittaker and Robinsen, D, Ven Nostrand Co., Inc,
Nov York, '
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C. ATTITUDE DATA

III Little Joe Primary Paint Pattern Attitude

e e B, s
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LITTLE JOE

Primary Paint Pattern Attitude

There are two opposing pairs of paint markers on the base of :he Little
Joe comcand module. Thet diemeter of the buse which passes through the centers
of either pair of paint markers is designated as the Primary Paint Pattern., In
Pigure 1, either AB or CD may be chosen as the primary paint pattern,

FIGURE 1

Tae attitude of the primsry paint pattern on the base may bs used by the
project (NASA) to obtain roll data. If, for some reason, the attitude of this
paint psttern 1s not available it is possible to obtain the data by knowing tic
folluwing three things: (1) The attitude of any other paint pattern on the module
surface, (2) The attitude of the module, and (3) The true relationchip of the
paint pattern being used to ths primary paint pastern.

Assuming we know the attitude (ag, ¢g), in the x, vy, z system, of a paint
stripe on the side of the module, the attitude of the module axis (ay, ey) in
the x, y, 7 system, and the actual angle (Aa) betwsen the strip projected onto

the base and the primary paint pattern, we may prucsed as follows:

131
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If the module axis is rotated counter-clockwise about the z axis thvough
the azimuth angle (op) of the module and then counter-clockwise about the y axis
through an angle of (90° - ¢y) then the medule is in a vertical position with

the module axis parallel to the z axis and the base parallel %o the xy plane,

As the axis is being rotated through these sngles, the paint stripe is alsc being
rotated through the same angles, Therefors, we can obtain the direction cosines
of the stripe when the module ig in the ver:iical position by rotating the direc-
tion cosines of the stripe

as F Cof Gg cos €g
bg = sin og c03 ¢4

cs = sin ¢4

through the foilowing rotational matrix

(h;\- /cos o 3in €y sin oy sin ¢, ~COS eg (’ag\\
bi | ” -3in ap cos ap 0 bg
) cOS ay COS €p sin oy cos ¢y sin ¢ Cg

With the module in this vertical position we project the paint stripe onto
the xy piane., The direction cosines of this projection are

L]
ag

T tahr e opak

b5
b. =
PO [(aD? + (by)214

¢cp=0

If the projection of the stripe onto the base is not ceincident with the
primary paint pattern then the direction cosines of the projection must be
rctated through the angle (Aac) as follows:

!

é/J = l-sin Aa cos Aa - 0 b
5 O B
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The direction cosines of the projection of the stripe coincident with the

primary paint pattern are then rotated back to the original position by the
following matrix:

2pp, (Eos o Sin ¢y -sin ay cos gy COS €y CH
bpp | = | sin ay 2in ey COS g sin ap cos ¢y b5
~°Pb) L\ ~COS oy 0 sin ¢ ci

‘The attiiude of stripe prujacted onto the base of the module and coinciding
with the p.imary paint pattern is then given by:

ap = tan~!

<pb

€A = tan-! -
(ipﬁ + bpg)ﬁ
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IV Little Jce Single Station Primary Paint Pattern Sclution
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LITTLE JOE

L e B

Single Station Primary Paint Pattern Solution

The following is 2 method of determining the attitude data of the primary

; paint pattern on the base of the commané module when the V-anglie of the paint
pattern is available from only one camera.

The position data of the module, the attitude data of the module aad
the V-angles of the nrimary paint pattern are required for this reduction.,

The coordinate system used in the reduction of the position cata is
defined as the x, y, z system, In deriving the equations for this attitude
reduction it is necessary to set up a new coordinate system x', y', z'.

The x* axis is positive along the line of sight from the camera to the module.
The y' axis lies in the film plene perpendicular to the x' axis and is directed
positive to the right and parallel to the xy plane., The z' axis also lies in
the film plane, perpendicular tc the x'y' plane, and positive up.

w

In this cocrdinate system the direction cosines of the vector lying
: along the paint pattern image are sine and cosine functions of the V-angles,
' The V-angle is measured clockwise from the z' axis to the paint pattern image.

The direction cosines may be rotated into the x, y, z system by the following
rotational matrix,

™

(Eos @ cog ¢ =-sina -+cos a sin ¢ { 0 \\

; m| s isin a cos ¢ ¢cos a -sin a sin ¢ sin V
. k .
n sin ¢ 0 cos ¢ cos V,
( 1, ®, n are the direction cosines of the image vector in the x, y, 2
systenm,

a, ¢ are the azimuth and elevation angles of the module with respect
to the camera. .

The following figure represents the situation that exists at the station:
P

&

-

=

P //H'

v

e’
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T is perpendicular to the image of the paint pattern, Since it lies in

che y'z' plane it is also perpendicular to x'. 1T is perpendicular to the plane deter-
P perp perp P

ained by the paint pattern and the line of sight and therefore is perpendicular
to the paint pattern itself, The dirsction cosines of L in the xi, y', z!
system are 0, cos V, -sin V, Ths divection cosines (u, ¥, w) of L in the x, v.
system are obtained as follows:

u €OS a ¢€OS ¢ -8in a «cos o sin ¢ 0
v = |sin a ¢cos ¢ cos ¢ -sin o sin ¢ cos V
W, N sin ¢ 0 cos ¢ -sin V

If 2p, bp, p denote the direction cosines of the paint pattern, then
ap u + bp V+cpwecos ¢

¢ is the angle bstween the paint pattern and L. Therefore, equation (1)
becomes

ap u + bp veepws 0

8y, by, ¢, are the direction cosines of the module axis and are computed
from the attitude of the module. Since the module axis is perpendicular to the
perp
paint pattern then -

8p 8 * bp by + €y cp = 0
aiso know that
8p @p * bp bp * cp ¢yt 1
Jucscfore we have three simultaneous equations with three unknowns,
3p 3p * by by v cp cp =
&, u + bp vV +cpu = 0
ap 8y + by by + cpcy = 0
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Solving these equations we octain

(v e ~ by w)

AL L 4

-(u cy

B ¥)
bp * D -3

(u by - ap V) T
Cp' D =5

where Ds»s " p2+q?+ 2

Since D has both a positive and negative value it is necessary to determine
the correct signs of ap, by, cp. Assuming that D is positive the correct signs
may be readily found as follows:

The direction cosines of the paint pattern image give rise to the equation:

1 a3+ m bp +nRcp=cos B
where 8 is the angle between the paint pattern and its imege in the film plane,

B is always an acute angle, Therefore

1 ap +n bp +ncp> 4]

I1f1 8p + m bp +ncp <0 then the signs of ap, bp, cp must be changed.

The attitude angles are then obtained using the direction cosines of the
paint pattemn.

b
ap = tan”! -;5—

C
-1
€s = tan —T_';L{'
(&p + bp)

—r “.,.-r.——eﬂm-r—""wv“
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V. Angle of Attack
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ANGLE OF ATTACK

Introduction

The angle of attack is defined as che angle between the longitudinal
axis of the missile and a line aleng the direction of motion.

The cosine of the angle of attack is the dot product of a unit
vector lying along the missile axis and a unit vector lying along the
direction of motion, A unit vectcr lying along a line has as its components
the direction cosines of that line, By knowing the angle between a line
and the XY-piane {(elevation angle) and the angle between the projection of
that line in the XY-plane and the X-axis (azimuth angle) a set of direction
cosines may be computed.

A unit vector lying along the missile axis has as its direction <osines
the direction cosines of the missile attitude. The direction cosines for a

iine along the direction of motion are the direction c-sines of the velocity
vector.,

Mathematical Procedure:

Any available missile attitude data and trajectory data may be used to
compute the angle of attack data, ’

The angle of attack will always be betwesn 0 and 180 degrees. By
considering the sign of the sine and cosine, the propsr quadrant is deter-
mined,

Definitions:
as < azimuth attitude angle

€p = elevation attitude cngle

§ = azimuth trajectory angfe

n

¢ = elevation trajectory angle

A = angle of attack

a, €, 0 and ¢ must all be in the same coordinate systen,
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The directirm cesines of the missile are:
Gn * COS ap COS gp
by = sin ap cos ¢,

Cm = sin ¢,

The direction cosines along the direction of motion are:
8p = cos 9 ros ¢

bp = sin 6 cos ¢

Cp = sin ¢

The dot product of the two vectors is computed as follows: >

cos Atc:-ap"b‘bu*CnCD

and
A = cos~1 (ay 2 + by bp + op cp)
The sine A is computed as foliows:
A /1-cos AN& fl-a.ao-babe-c.cp\'i
Sin = ]
2\ 2 2 J
. A J.of:osA‘<5~ loumob,bp*c,c;)\{
! (b’ - = e
| 2 2/ 2 /
‘ L)
and
sin s 7~ cos
sin A
tan A = cos A

144
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C. ATTITUDE DATA

VI Aspect Angle
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ASPECT ANGLE

A3

Iatroduction

The aspect angle is defined as the angle between the longitudinal
axis of the missile and the line of sight from the missile to the object
whose aspect angle is being computed, (See Fig, 1)

The cosine of the aspect angle is the dot product of a unit vuctor
lying along the missile axis and a unit vector lying along the line of
sight. The vector along the missile axis is directed from tail to nose
and the vector along the line of sight is directed toward the object
whose aspect angle is being measured.

A unit vector lying along a line has as its components the dir:ccion
! cosines of that line, By knowing the angle between a line arnc the iY-plane
(elevacion angle) and the angle between the projection of that Iiae in
the XY-piane and the X-axis (azimuth angle) a set of direction cosines
( may be computed,

A set of direction cosines for the unit vector lying along the line of
sight may be computed if the position of the missile and the position of the

1 object whose aspect angle is being measured are known, or if the "l1o0k
angles" are known,

A unit vector lying along the missile axis has as its direction cosines
r the direction cosines of the missile attitude,

Mathematical Procedure

t
Any available missile attitude data and either position data or '"look
angle" data may be used to compute the aspect angle data, ’

e o e

( The aspect angle will always be between 0 and 180 degrees. By
. considering the sign of the sine and cosine, the prcper quadran? is deter-
mined. .
Definition

Xa» Yms Zm = Coordinates of missile position

Xes Yo, 2o = Coordinates of the camera or obiect whose aspect angle
is being computed

P ap = azimuth attitude angle
€p = elevation attitude angle
AL = Aspect angle

Tnese data are in the same coordinate system,

preceding page blank
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Compute:

The direction cosines of the missile axis are:

where

and

(Y]
it

m
b =5
m
c_ =5
m

cos ¢, sin €
A

A

in ¢ cos €
A A

in €
A

The direction cosines along the line of sight are:

a =

s

b =

5

C =

s

R=[(
The dot pro

cos A

L

Xe - Xn

R

Y -Y

2 2 2,172
- - 7 -
Xo = X)7+ (Yo -Y )"+ (2 - 2)7]
duct of the two vectors is computed as follows

=a a +b b +c_ ¢
m s m s m s

-1
a +b_ b _+c ¢
cos (am S m S m s)

is computed as follows:

(

. AL (1 - cos,, \1/2 g 1-a a -b b -c
M= =77 2 2
~ }
AL (’1 + cosAL ‘/2 ( 1l + a. a + Y bs LN
cos + —~———-———jj =
2 2 2
: A, A
- ¥ L
sip AL = 2 sin 5 cos 5
sin A,
tan AL = cos A
L
148
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I7 "look angles'" are known the direction cosines of the line cof
sight Lecome:

a, = -C03 a sin g
bs = -sin ap cos ¢y,
Cg =

-sin ¢},
whare

ap, €1 = "look angies"

These direction cosines are then substituted in equation (1) to
determine the aspect angle,

FIGURE 1
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VII Ground Distance and Total Distance
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GROUND DISTANCE AND TOTAL DISTANCE

Introduction

Ground distance is defined as the cumulative distance a missile travels
from a given point up to a time T;, as projected on the XY-plane.

Total distance is the cumulative distance & missile travels from a
given point up to a time Tj.

Mathematical Procedure:

Any availadle position data are used to obtain ground distance or
total aistance,

Definitions:

Xj, Yj. Zj » coordinates of the missile at point j
Dg; = Ground distance traveled

Ur; = Total distance traveled

Ground distance:

i
: , L
Dg; = j)lf(xj - X512 ¢ (Y5 - Y5 2

Total distance:

i

T jixg‘xi - 4% e O - G e (2 - R

If there is a brezk in position data, the distance traveled up to the
break is totaled and anotder summation is started again at the next available
position,
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P.  VELOCITY AND ACCELERATION

I Smoothed Positions, Velocity and Acceleration {(Moving Arc)

e
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SMOOTHED POSITIONS, VELOCITY & ACCELERATION {MOVING ARC)

Introduction

Because of the fact that all physical measurements contain some
random errors (or noise)}, it is usually desirable to compute from observed
4ata an estimate of the data which would have been observed by a noise-
free measuring system, This process of minimizing the errors in observa-
tions, called "smocthing",* can be done in many ways. The methoc discussed
in this report, "Least Squares Moving Arc Smoothing", is used in JRD to
compute smoothed position data from observations. These smoothe. positions
are then differentiated to obtain velocities, and the velocitie. differenti-
ated to bb:iain accelerations, Error estimates of the smoothed cata and
derivatives are computed in the form of standard deviations for each point.

*This process is also known as "filtering" or "adjustment of data".
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Moving Arc Smoothing

The Least Sruares Moving Arc Smoothing technique assumes that for a
short interval of N points the data can be closely approximated by a
second degree curve, It aiso assumes that the time interval between
data samples is constant and free from error,

Each point on the smoothed data curve is obtained by fitting a second
degree curve, using the least squares method, to N consecutive observaticn
points, and evaluating the fitted curve at its midpoint,

If a second degree curve of the form

X = Ay + AT + ApT?

is fitted to N data poiats {Tj, xj} , then the smoothed data at any point
Ti is given by

Xgi ® Ag + A1 Tj + AT;2 6))

N-1
5=ttt te2, t-l, v,

where i = t-N+¢], t-Ne2, ¢e¢0 , t -
The midpoint of this interval, Tp» occurs at the point Tj, where
. H-1
i=te-—y—aup,

If equation (1) is rewritten so that its origin is translated to the
midpoint, T, many simplifications in Xhe curve fitting and evaluation resu.t.

Xsi ® Ao+ Ay (Ty - Tp) + A (Ty= Tp)? (2)
Since the time interval betwesn data points i3 coastant, Ty,; - Ty = 4T,
and it can be seen that

Ty - Tp = (i-p) 4T,

Bquation (2) can be written

Xgi = Ag + Ay (1-p) AT + Az (i-p)? aT? )
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This is further simplified by the substitutions:

ag * Ao
a) = A)AT

ap = AgATZ

30 that Xgj = 8o + a) (i-p) + a2 (i-p)? (4)

1) =@ (8e3)  (ReD)

ia
where (i-p) 5 5 3 >

Using the least squares procedure the sum of the squares of the
residualsi is given by

i=t int
Se ] (xg4-x)2= ] (8 +ay (i-p) # a2 (1-p)2 - x3)2 (5)
imt N+l i=t-N+1

where xgi = smoothed position

Xj = unsmoothed (observed) position

The sua S is minimized by equating its partial derivatives,

S 3S . and 3S

t and
Sag " Tha] YR 0 ero, 8n

solving the thres resulting equations'for &y, a8}, and ap,
These equations are:
ag N + ay Lli-p) + ap L(i-p)? = Ix;
8, L(i-p) + &) L(i-p)? + a7 I(i-p)? = Ixj (i-p) (6)

8o L(i-p)2 + 2 L(i-p)% + a7 t(a-p)" = Ix; (i-p)?

vwhere all summations are over the interval from ist-N+l to ist,
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Since (i-p) ranges from °(§‘1) to (N:l) i~ steps of one,

the summations in equations (6) can be found from specisl numerical
relationships to be:

I(i-p) = I(i-p)3 =0

2
L(i-p)2 = ‘Eﬁﬁii:"él"

W NN -1 0 (32 -7)
12 20

wrd
L\2"P)

After substituting these values, equations (6) can be written in
matrix form:

s 7\ A
N 0 Eiﬁ;éll : \\ % c;i
0 NN2-1) 0 a;| = |Ix; (i-p)
12
N(N2-1) 0 N(N2-1) (3N2-7) Bx; (1-p)2
\_ 12 12 20 \é%) \xi ¢ p))

If A is the determinant of the coefficient matrix, and Aij the cofgctor of

the element of the ith row and j*® column, then the inverse of the coeffi-
cient matrix is formed from: !

Au o 4z A8 (aeeen 0 -5 A
A A a 4N(N2-4) N(N%-4)
821 222 8231 . 12
) 2 3 0 NONZ-1) 0
83) 32 833 _-15 12 15
A A A N(N?-4) 0 FJ—(}:S—Z—-—I-)- m
\ J

@)

(8)




Premultiplying equation (7) by equation (8) yields the solution in
matrix form for the unknowns a,, &, and aj,

O (mowmoan g

A
A2 822 423 :
aj - T T T Ixy {i-p) (9

a1 2 s
4

T) exi (i'P)j

or
i=t
/\ /3(3N2-7) .15 p
a, 4N(N2-4) 0 N(N2-4) \ i.th*lx;‘ \
12 i=g
8| = 0 N(N2.1) 0 i-th*IXi (i-p) (10)
—e i=t
-15 12 15 .
0 X -p)2
\az) \N(NZ-«‘.) N(N2-1) (N2-4) k{'tgﬂd i (i-p)

These values can easily be found and substituted in equation (4) to
obtain the smoothed position of the arc st time T;., The curve evajuated
at its midpoint, T; = Tp, is simply

Xgi ™ 8p
veleciti

The velocity is obtained by taking the first dsrivativo of the swmoothed
position equation (4).

. d Xsj d . { . ; 2 .
)151 z - aT = a7 30 31 ( -p) 62 ( -p) \11)
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Thus it can be seéan that equation (11) can be writ’en

. 2 2a, (1-p)
} Xg; = _-A+- + __LAT-E—_ (12)
The velocity at ths midpoint, i=p, ix given by

% *si s -32-— (13)

AT

Acceleration

r The acceleration is computed from ths second derivative of the
smoothed pesicion equation, or from equation (12)

e M i a 2
Xsg = =y (e = o |- T ci-m] (14)
L

This yields
.e 2&2
X33 * Tar2 ; (15}

standaxd Doviations
To obtain the standard desvistions of the siothed data and the deri-

vatives, it is first necossary to find the variance of the unsmoothed data.
g This variance is

E(Xi - Zsi)z
2a

lo4

[T




The variance of a point on the smoothed curve is obtained as foliows:

If x4 = 3, + a; (i-pj + 8, (i-p)?

axg, \2 Laxg. \2 axg
2 = 2
} then ogss 38, | ‘a0 " {Ga o) * 28, ] %
] 3%5,\ /9%, axg,\ [ox,
+ o )
2 3a,, Ja) zoa) * 2 38 / \2ap 022
Q
|
aXg Xs;
2 < Jay ; ( 38y > %aja; (17
1

<+
ax51

where

aao

and

g
Q
P
1)
»
D,
Q
x
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By substituting these values in equation (17), the variance of X545
becomes

433
-p)¥ =% — o}

811
o2 . = A cg +(i-p

Xsi
+2 (1-p)2€¥9o§
A11 22 A13 33
-oﬁ[ (i-p)2 <A .2 \+(-p)€—9] (18)

Evaluating (18) at the point i=p gives the variance

) A1y 3(3N2-7)
Txs, T A %x T oaNge2e4) Ox

or the standard deviation

A &
11 .
Oxg, '65_‘ o,%) (19)

The variance of the velocity is derived from asquation (12) as follows:

Xg; = AT * AT

(12)

Xs
3 - kg " oks P atg.\ [aks , (20)
si EEY) a1 jap; /a2 day 382 ajaz

where /3" \
\aal / AT

(s | 20-p)

\3 a7 / AT

and c2,, o2, and 0., ATe as in equation {17).




A

——

Substituting these values, equation (20) becomss

1 (s 4(i-p)2 (b33
Oy, = T 2 ) % T s ) %
34 N x .. \%/
o 422 A
=~ Li—- + 4 (i-p)? —%’3') (21)
\
The variance of velocity evaluated at point isp is then
*3p ATZ & x
1 12 2
AL N(N2-1Y /) %

and the standaxd deviation

4
1 /12 \ ]
Okgp © L 672 \N(NZ-1) of J (22)

The variance of the acceleration is obtained from equation {15)

Xsg (15)

S 2
2 /4 ‘si\ 2
%.. " \d = %3,

Si A\ L

2 /63-

(2% (v s N\,
\ATZ/’ \N(Nz-x) (u2-4)/ x
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The standard deviation of the acceleration is then

( 2 ;2 4 A
= o = 02
Wsi 0'35p AT2 A X

Advancing the Midpoint One Point

After evaluating the fitted curve on the interval t-Mel through t
to find the smoothed position, velocity and acceleration at the midpoint
p, the curve may be advanced one point, to cover the interval t-N¢2 thrcugh
t+l, and evsluated at the new midpoint p° = psl. The cosfficient matrix

of equations (9) and (10) will remain the same, but the mwwaticns sbout
the new midpoint must be recomputad,

If the previous sums sre represented by
t

A 1M

t<N+1

t
- xy (i-p)
Pt L X

rXad

Cp= 1 % (i-p)?
t-Nel

and the summations sbout the new midpoint (p') dre

t+!

Apv" zxi

t-Ne2

t+]

By = I x5 (i-p")
h t-H+2

t+l

Cor = § %3 (1-p"2
- t=N+2

Pt
[ 4Y
[~]

= e J—ﬁv’wﬁvr - M o o - ———

(23}

e e T R
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s

then Ap., B?o, C?o can be written as fimctions cf Ap‘ Bp, Cp, the points

to be dropped and added as follows:

Apt = Apei = Ap = S2ipel * Xgel

til
B.:. = B.,1.° x; (i-p'}
P ptl t-K+2 i

t+l

o F oz (1-(pel))
t=N+2

tel t+}

= ] x4 (4-p) - 5 xi
t~N+2 t-N+2

r
- L By ~ Xeuney (8P} ¢ %y, (1-P) | -

® 3p ~ Xeaney (0PS¢ Zgyy (4-P) - Ay

since p= t - H;i » when jageNel, {i-p) = «
N\

cad when i=tel , (i-p) »

Substituting these velues in equation (25) vields

N-1 12
Bpe = By = Age o (——92 Xe-Ney * (f;) Xte1
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(26)

(27)

. <
RS

N 1
TR




o R - M e A T T

t§1 2
't - - x; {i-p%)
Cp cp‘l t-Ne2 1

te]
* I % P22 (4p) 41
t=N+2

t+l

t:l tel
1 = I xumpr-oz g X (i-p) + J x
t-N+2 t-N+2 t-N+2
, .o o,
1 - - X¢ (i-p)2 + x {i-p) -2 B .y + 31
Cp t=Ne} t+l | L.p tfiea
tel
+ Z Xi -5
t-N+2
r - » .
" Bpr - Ay - xpyy GepE e *pey {i-p)? (28)

Substituting the relationships of squetion (26) into (26} yields

. K-1 Hel s
L cp' a cp -2 Bp' - AP‘ - H xt-H-Z + H ‘t¢1 (2—’)

Susmarizing, the thrse equations ays

Apt = Ap - X jey ¢ %pyg

(24)
g
N-1 N+l
Byt = B, - Ay + 63-) Xe Nep * 6—2—) Xeel (27
N-1 N+l
Cps = Cp -2 Bp' - Apy - 2 Xt-Ne] * 2 Xeel (29)

C oy
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Increasing N and Advancing the Midpoint

After evaluating the fitted curve at the midpoint p of N points, it
may be desirable to advance the midpoint to p' = p¢l not by dropping the
point x4_n.) and adding point x¢,), but by increasing the numbsr of points

to N' = N¢2

by adding the two points X¢,; and x¢42. In this case the

coeffieioent matrix must be recomputed and it ca2n b¢ shown that the summa-
tions about the new midpoint (p'), are functions of the previous summations
and the two additional points,
Again, the previous sums are
]
A, = xi
P t-N+1
t
Bp= I x; (i-p)
t-N+1
t
Cp= 1 x (i-p)?
t-N+1
and the new sums are
t+2
[ L ) ¢ 1
‘e t-N+1
tiz
T o- x5 (i-p')
Bp t-N+l
t+2
Cpr = I xi (i-p")2 :
t-N+1
t+2 t
Then: Apt = ] Xj = ] Xi+ Xge] * Xte2
N+l t-N+i

Ap + Rte] * Xta2 (30)
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I - e 'Vwﬁm}m wm,

te2 te2 t+2
Bye = ] xp (d-p') = ] x; (ip) - T x;
t-Nel t-N+l t-N+1
® Bp + Xtey (i-p) ¢ x¢4p (d-p) ~ Aps (31)

Since when N' = N+2 and p = ¢ - é‘—;l) =t - é—;ﬁ)'
‘.
for istsl, {(i-p) = (EL—3£>
2
\
N"'l .
and for i=t+2, (i-p) = {2—) {32)

Using relations (32) in equation (31),

N'-1 N's1
Bpo = Bp = Apr ¢+ %9 Xegp ¢ 6—) Xte2 (33)

t+2 t+2 t+2 t+2
Cpr= 1 x5 (4-p2= [ xj (-p)2-2 § x5 (4-p) + |} xj
t-Nel t-N+l g=ii¢l t-N+1

[ & * 2 wm2 e xy,, G-p? -2 20 + ape J Apt

= Cp - 2Bye - Apt + xg41 (i-p)2 + x¢,, (i-p)2 (34)

3

or, substituting relations (32},
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And summarizing

Apl = Ap + xt.’l + Xt‘,z (30)

[ / LS
Bpr = By - Ayr + (23 Xeoy * 3 Xp42 (33)
fo LS
Cp' s cp - 2 Bp' - AP' + 2 Xt+l ¢ 2 xt¢2 (35)

Decreasing N and Advancing ths Midpoint
By dropgang the first two points of an axc, the midpoint is advanced

one point, us N'sN-2 and p'sp+l; Again the coefficient matrix must oa
recomputed sand the summations about the midpoint may be written as functions
) { of the previous sums and the two points to be subtracted, X .y, and X¢_N,g.

A similer procedurs is used in decreasing the intsrval as was used in
incressing the interval yielding the foliowing rosults for the sumaations
about the new midpoint.

AP. - Ap - xt_N*l - xt_N‘,z- (36)

< N'+l N'-1 ’
Bp' = Bp - Apl + 2 ) xt”N"l + ( 2 xt_N*z {57)
N'e Ni-1
‘Cpl ] Cp -2 Bp' - Ap' - Hz Xe-N¢l - 3 Xt-N+2 (38)
(

where Ap, Bp, and Cp are the previous summations,

Computationa]l Procedure

A, Posit v and Accelsration

e

Compute 4T = Ty,y - Ty
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4 == TR T —" ( aan 7 - —W"—"—_""_w
=, VA T L — v—-—uu—-v——v"

Solve for a,, aj, ap using the following matrix fom

3(3N%-7) =15 N /, v .
f;;\ (;N(N2—4) 0 N(NZ-4) i=t§§+1x1
12 5
st ° men O secbin ™ 6P
t
-gs 1z _%.5._
2 N{N2-4) ° N(N<-1) (N4-4) Lyt 4P
| \/ \ / /

(‘.at-ﬂ*l

, Then at the midpoint isp the smoothed position,velocity and acceleration
' are:

: sy ~ 8

° - ll
. Xsi = TaT
i 2&2
i ¥s3 = 377

Compute the variance of the unsmecothed data by

, | B0y - xsi)?
a =
X N-3

where Xg; = 8 * 2] (i-p} + ap (i-p)?

(l-p) = —:‘[!%l.)._, ...'..(.ﬂ.;.;l_. s ese "'LB:ES‘)"’ » —(B:'z.-a-'
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The standard deviations of the midpoint position and derivatives
are:

C _3(2-n &
Ixgp " | TON(NZ-g) 9%

! £
Tkep = | BT N(NZ-1 %%

[ 2 12 15\ &
Rgp _(IATZ; <N(N2-1) (NM})] °x
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DETERMINATIGN OF THE SMOOTHING INTERVAL

This is a simple method of determ:ning the smoothing intervel (N) to be
used for smoothed positions, velocities or accelerations,

When the variance and the sampling rate of the unsmoothed position
data are known it is possible to choose N such that the variance of the
midpoint of the smoothed positions, velocities or accelerations is equal
to, or less than the required variance,

Using equations (18), (22), and (23) we see that for positions,

,rs(m? - 7)1‘& Oxsn,
L4N(N2 - 4)J oy

velocities,
12 J& :
L———— = AT —?LS-L-
LN(N2 -1) -
and acceleration%
& -]
[_ 12 ) 15 —] _ AT? T%sp
LN(Nz - 1) (N2 - 4)_} Iy

The value on the right side of each of these equations is determined from
the unsmoothed pesition veriance, ox, and the required variance (OXSD’ O%s

, Or
“Esp)’ and the sampling rate, The only variable on the left side of sach gqua-
tion is N, which may then be varied to meet the desired requirements,

Teble 1 has been prepared for this purpose and may be usea in the follow-
ing manner, Ccmpute the right side of the equation for position, velocity or
acceleration., Under the sppropriate column of the table find the value which
is equal to, or less than, the computed value and use tho N associated with
this value for the smoothing intervai,

Graphs of Table I, with N extended to 100, are alsc provided,
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TABLE 1
Position Velocity Acceleration
Psgmz - 7) ’5 { 12 ]’s , 12 15 Te

N aN(NT _ 4) B [NOTT) TGS q |
5 696932 . 316228 534522
7 577350 .188982 218218
9 505382 .129099 313961
11 45547 095346 068279
‘ 13 418121 074125 .044699
; 15 . 388756 .059761 .031139
‘ 17 364866 049507 022716
* { 19 . 344926 . 041885 .017171
21 327950 036037 013353
’ 23 313268 031435 020627
25 300402 027735 .008621
4 ‘27 +289007 .024708 .007108
29 .278820 022195 005942
E 31 268642 .020080 .005028
33 261317 018282 .004299
( 35 253719 016737 .003710
37 246749 015397 .003228
39 240324 .014228 .002830
41 234377 013190 .002497
s3 '’ .228851 .012289 .002216
45 +223$99 .011478 .001978
E 47 218880 .010753 001774
f 49 214360 .010102 001598
51 .210109 .009513 . 001446
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Smoathed Positions, Velocity and Acceleration (Orthogonal Polynomials)

Introduction

In smoothing data by the usual mefhod of least squares it is necessary to
chcose in advance the degree of polynonial whiich will be used to appro:timate
the data. This is necessary since the coefficients found are depsndent upon
the degree of curve being fitted. Often, howsver, it is not known in advance
what degree curve will best fit the data, 1In such a cese it is desirable to
fit several polynomials, each time increasing the degree used, until iz is
seen that any further increases would not produce a significantly better fit.
The computation of successive polynomials is greatly simplified by the use of
the Orthogonal Polynomial procedure. This method determines the approximat_ng
polynomial in terms of another variable, so chosen that esch coofficient found
is indepandent of the others., This makes it possible to increase the degree
of curve used without making it necessary to recompute the previocusly-found
cocfficients,

This program is genarally used to smooth position data. The degres of
curve fitted is increased until an F-test indicates that sdditional coefficients
of the polynomial would not be significantly different from zero, The smoothed
positions are then differentiated to obtain velocities, and the velocities dif-
ferentiated to c¢btain accelerations, The error estimat_s of the smoothed data
and derivatives are computed in the form of standard deviations for each point.
Coefficients of the original polynomial are derived in terms of tho new poly-
nomiel,
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Mathematical Derivation

Smoothed Position

If an approximating polynomial of the form
Xgy = ag + 8yt + agt? + agtd + coe o+ gyt
is rewritten in terms of anocher variable which is 2 function of t such that the
coefficients are functions of the approximating polynomial and are independent

of one another, then the solution of the squation can be greatly simplifisd,
Such en equation is of the form

Xst = bo Po,t + b1 Py ¢ + by P2, ¢ ¢ b3 P3¢ + o ¢ bk Pkt
where bg = £y (a9, 2], 82, *°*s8k)
by « £1 (89, a1, 32, +-2r8y)

b2 = £2 (ag, 81: 22; +.ey8k)

by = fy (ag, &1, 83, *°*° ayg)
and pot'fo(t)
?i,t = £y (1)

Pre =2 (1)

Pk,t = £ (t)
The following procedure derives the coefficients (bj;) such that they
satisfy the above raquirsments for the desired polynoaiai.

Using the least squares method on equation (1), the sum of the squares
of the residusls is given by

S = I(Xgy - X¢)? = I(ag + a1t + agt? + <o + apek - Xp)?2
where Xs¢ = smoothed positions

X+ = observed positions
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k = degree of the polyrnomial

N = number of consecutive observation points.

The sum, S, is minimized by equating the partial derivatives,

25 35 3S in1di
355 s 38 » see s -SEE-» to zero, yielding k+1 equations in k+l unknowns,

These equations are:

agh ¢+ ajlt + aplt? + asltd ¢ a4lt" + agltS + aglté + <o o axItk = IXg

agft + a1Tt2 + ajit3 + agit* + agrt® + agit® + agIt’? + oo + gItk*] « 1xg
agit? + ajitd + asit® + azrtS ¢ a4ntd + agnt? + agltd ¢ oov v artk*? « pxg2
20Etd + 21ItY + asftS + agits + aglt? + agled « aght? + +eo + gitk*S . X3
agLt® + ajstS ¢ artd « agft? + 2478 ¢ asrtd + agitl0 + ocv o gyrek*d = pygt

agits + a1rts + axre? + asrt® + aqred + agitll « agrell + oee s aLth*S & ZXgS

agitk + ayrehel aprtk*2 + azrtk*3 . agrtk+4 « asrtk*> 4 aglztk"6

+ o000 akxtk*k - }:&tk

\
) N-1 N-1 .
Since t ranges from - to in steps of one, the summations

in equation (4) can be found from srucial numerical relationships* to be:

*See page 37.
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gt = 7t3 = £tS = t?7 = 0

2 .
re2 o NOZ - 1)

2 .
ith = 3N 7:) Lt2

[m" - 18N2 + 31

th - \ 113 > £t2

//SN6 - S5N* + 230N2 - 381 )

It = 2
: \ (7)) / Lt

£¢10 _(wa - 52N6 + 410N% - 1636N2 + 2555 )

2816 /’
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If k = 1, then from equations (7) and (8),

ﬂol—znéz ’ '9)

Ixt

(10)
_N;NZ ~ 1)
12

&1"

Since ap and aj are independont of one sanother and are functions oi the

spproximating polynomial, they satisfy the requirsments for the coefficients
of the desired polynomisl., Therefore

let bo = -%x'z’ (11)
EXt
and by = (12)
N‘P_‘z - 1)
12

To find the next two ccefficients, b; and b3, we must first substitute the
general expressions for ag and a; (eq. 7 end 8) into equations 6(c thru g).
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Substituting equation (37) into (36) and evaluating for k = 2 yields

L(Po,t P2,e) = 0

By repeating this process for all k's it can be shown that

L(Pg,¢ Pk,¢) = O

F From equation (33) we again ses thst

by = —bekatd..
L(Py,¢)?

# Substituting this in equation (35b) yields

bg L(Pg, ¢ P1,t) ¢ ba B(Py ¢ P2,¢) + occ ¢ by I(Py ¢ Py o) = 0

r Since from equation 37 we know that

; (Pg,¢ Pr,e7 = 0

# Then if k = 2

E(Py,¢ Ppp) = O

H
H {, Again evaluating for each successive X it can be shown that
i

t Z(Pl.t Pk.t) = 0

For all bj's substituted in equation (35) it is casily seen that

Z(Pj’t Pk,t) =0, j ¥k (38)
Since L(Pj ¢ Px ¢) = 0, j % k, then by definition the Pj,¢'s cre
orthogonal pelynomials,
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Degree of Polynomial

To determine the degree of the polynomial that gives the best fit we
must first compute an estimate (02) of the variance of the raw datas, and
for each jth coefficient an estimate (62) of the variance of the data in
terms of the variance of the coefficients, We wish to test the hypothesis
that the true value of the jth coefficient is zero, so that a k < j degree
polynomial will adequately describe the data. Assuming that the true value
of the jth coefficient is zero, we use the F-test to determine whethor the
difference between the two variance estimates (o2 and g2?) is significant,

If it is not, we conclude that the hypothesis is true, and set the jth

coefficient equal to its true value (bj = 0). When two consecutive coeffi-

cients (bg_l and bj) have been set equal to zero by this process, we assume
e

that the degree of the best fitting polynomial is determined by the last
non-zero coefficient, k = j-2,

The estimated variance of the raw data is the sum of the squares of
the residuals divided by the degrees of fraedom, thko degrees of freedow
being the number of observations minus ond minus the degree of the curve.

) L{Xs¢ - X¢)?2
o= D.F. (39)

D.F. = (N-1-Xk)

The variance of the coefficients is given by the general equation

A. -
ogj = o2 ‘Kll" (40;
where A is the determinant of the coefficient matrix, snd Ajj is tne
cofactor of the element of the jth row and jth column. It can easily be
shown, using equation (35) and the fact that the Pj,t's are orthogonal
polynomials, that
Ao .
._{%L. " 1. where the Qj's are as given in equations (27). (41)
- ]
Therefore
52 w2 (42)
bj
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The bi's and Py g'ﬁ feund in equations (31) and (33) are substituted in
equation (%) to obtazn the smoothed positions and the sum of the squerss of
the residuals is computed,

£(X3t - xt)z - X(bo PO,t + bl Pl.t + bz P2.§ > eee o bj Pj.t - xt)z

- Zbo z(PO,t Xt) - 2b1 t(?l't Xt) - sz chz.t xt) - o3

As was show: previously in oquation (33)

I(P; t X¢)

by = L(Py,¢)2
s0 that Z(F},t xt) ™ bj X(Pj,t)z

Substituting this value in sguation (43) yields

E(Xsy = Xe)? = EXE - b3 I(Py )7 - b] £(Py 37 - 0F I(P, )% - o
- 508y, 0°

E(Xsy - Xg)?
D.F,

Using equsation (39} the estinated variance is found tc be 02 =

Arother estimated variance of the raw data is found in terms of the jth
coefficient. From aquation (42)

;-2 . 2
0% = Q5 oy,
where ths variance of the coeificient is given by

Ogj = —-L———l—'*——(b - B)

D. F.

b. = computed coefficient

oo
]

j true coafficient

L=
n
N

Degraes of freedox : 1

[V )
o
~d

2 2
* D ¢ b3 12,02 + b £(P )T # 8] 50y, 02 weue o B] 3(ey, 02

(43)

(44)

(45)
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Equation (45) then becomes

. (bj - B;)2
§2 » @y — (46)

Now we want to test if the hypothesis, Bj = 0, is true,
If in equation (46) vi2 let Bj = 0, then

Y

62 = Qj bj2 (47)

02 and g2 are both sample variances, To test whether these two variances
are estimates of the same population variance the F-test is used.

if
o2
o2

S F (48)

then the hypothesis is accepted as being true and bj is set equal to zero. The

next coefficient is tested in the same manner., When two consecutive coeffi-
cients are set equal to zero the degree of the polyncmiai is determined from
+he last coefficient which was significant, Thus

k = j-2

Vclocitz

. The velocity is_obtained by taking the first derivative of the smoothed
position equation (2)

Xs¢ = bg Pp,z + by Py,e + b2 Py ¢ + ¢vo + by Py ¢ (2)

Xst = gt = "dt [bo Po,t * by Py ¢ b2 Py ¢ ¢ oov ¢ by Py ¢]

-

1 > * .
Xst = ¢ [bo pO,t +#b) Pyp by Py e v+ bk Pyl (49)
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The first derivatives of equation {31) are

Po,t * 0
pl,t e ]
P 2 (59
2,t = ¢t
. Q Q
Pp , = 3t2 . (—— +
3,t Qo Q
Q-1
B e = Pr-1,e * ¢ f’k.-x,t T &z P-1,t
Acceleration
The acceleration is computed froe the sscond derivative of the smoothed
position equation, or from the first derivative of equation (49).
Xyp » =g [bo P 5 p b B
st ® Tary2 (00 Po,t * by FLe v bz Py e eee bk Py el (s1)
The dsrivatives of equsation (50) are
Po,t = 0
l"
Pl.t = 0
32‘t s 2 (52)

* * Qk
Pp e+t Ppyr - = ka2t

0
ye
-
re
"

to
i }
\t=)




Standarxd Deviations
R

'Thc standard deviation of the smoothed data is found as follows:

Xsp = bg Pp,e # b1 Py e # b2 Py ¢ ¢ co0 v by Py (2)

The varience is

-~ 2 /~v 2 2 S,
0§ s ":5 cg * (’;S‘\ ogl Y ea-‘.x_s:lfaﬁ') ¢ oae *La‘:iﬁzagk (53)
sT abo 0 \ab} abz ; b2 abx
] / \
» 3Xsy
2 Py (34)
13 ot
s
a P
aby 2,t
: |
l . :
-a—xgk- - Pk,t
3bx

From equation (42)

2
02 22

Substituting these relationships into eguation (53},

ol

a? o2 . g? o2
2 see 2 {
Xs = (Po,00% gt (P s (P = e e v (i) o (89)

where ois = variance of the smoothed deta
r

02 = variance of ths cbserved data




The standard deviation is

‘ 4
k . 2 2 (56)
oy, =0 Z -Ezli&l—-
St jso Qj

The standard deviation of the velocity is sbtained as follows:
From equation (49) the velocity ir

1 see 1
&st = -x;—- [bo pO.t + bl bl,t + bz Fz,t L4 + bk bk.tj (49)

The variance is

0; - 3&50 3i5t aist ¢ 93¢ ¢ (e agbt (57)
st \ abg “5o * \3b] bl 3b, bz \#%

where
3&5;7 . poit
abg at
3b1 At
3Xsy N Pziﬁ
3b2 At
abk At
4 and
c2 = o?
bj

¥

a
A
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Using these values the vaiiance of the velocity becomes

52 . s (Po,¢)? . 1,002 . a2 (by )2

. @ e (58)
Xsy at2 Qo at? Q At Q2
02 (B 32
at? Qk
and the standard deviation of the velocity is
Ry
x (b ol P
xst At j=0 Qj

The standard deviation of the acceleration is found by the same method
as that of the velocity.
From equation (51) the acceleration is

o 1 - - o .e oo
X= ey [bg Pg,t * by Py,¢ + b2 Py ¢ ¢+ by P3¢+ *20 ¢ b Py ¢] (s1)

The variance of the acceleration becomes

e \f axs o2 X, \2 2 ks \2 2
L ] .&
L + 000 &
(:abo % * 1 "\ J P2 aby bk (60)

Wy Po.c
abg (ar)¢
gy Py
3by (at)2
s, Py
aby (at)?¢
Xsy o vk,t
aby, (a2)?

(28]
P
t~r

YT T ey T~
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Substituting these values in equation (60) yields

, o2 (B2 o2 (A2 L B2,0)?
sy GO g ()" Q

o2 (B
(6t)" Qx

The standard deviation is

o e ‘z‘ (Ej.t)“’}&
Tse  (40)2 |42 Q )

Original coefficients in teras of the new polynomial,

if it is desirable to obtain the coefficients of the approximating poly-
nomial in terms of the new regression polynomial this may be done by equating
equations (1) and (2) and solving for the coefficients at the midpoint., Since

t ranges from -(N'l) to (N"> the midpoint value of t will be zerv.
2 2

Evaluating equation (1) and its derivatives at the midpoint we find

X30 L ‘0

kso = .1

LI

2! ‘2

2
5

31 83

it a

(61)

(02)

(64)
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Equation (2) end its derivatives, at the midpoint (t=0), are as follows:

xso by + ba Pg’o + by P4.0 + bg P6,0 ¢ e+ by Pk,O

Xso = by P1,0 * b3 f’s,o +bg "5,0 4 2+ bk Pry0 (65)

XSO bz ﬁz.o + b4 §4.0 + b6 P6.0 4+ oceo # bk Pk.o

i :

i i i i
Xsg = B5 Pj,0 * Bjez Pyez,g * byea Pyea,0 * o0 2 Bk g

Taking the itF derivatives of the jth polynomials of equation (31) yields

. . Q4. A

?j)t - P.;"lat * (t) Pj-l.t - (—L——l) pj-z‘t
Qj«Z

Pie = 2Pyp e+ (0 By, '(Q"W Bi.z,¢ (66)
Q-2

" . ﬂQ: 1\\ e
e = F5,e v (0 Fjope Qg“;‘ Pi-z,
.J-

.
*

The general equation is

i (i-1) i Qs 1
. = i . - _.L__,,“ 67
] PJtt 1{: P]*l,t}*(t) Pj‘l,t (Qj_z éj-z.t (67)
4
Substituting equations (64) and (66) into equation (65) it is easily
E seen that
:
: jak/ B
- . 0\\ \
a; = [ (=) b, (68) <
jei\ '/
] 214
.




This equation may also be written as

3§k
a; = ] b (69)
i i
jui .j j
i
P; o
where Mi,j ol (70)
it
! Using 2quations (67) and (70) the following recursion equation is
obtained;
3
M M Y1 M
b $,j i-l,j-.l ® Q}-Z 1,j-2 (71)

A
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COMPUTATICNAL PROCEDURE

In computing the bj:s using equation (33), the X's are usually all of
the sam. sigr and the Pj t's change signs j times, In forming the suns a
large positive or negative value is accumulated as t varies, then after the
Pj,t's change signs the accumulation approaches zero and may or may not pass

through zero. This cycle is repeated until the fiizl answer is obtajined, It
is oasily seen that the large accumulative values are far greater than the
final sum, Therefore in programming this problem on a single precision high
speed computer it is necessary to use dovhle precision to cbtain precise
snswers, Those large sums may bo avoided and single precision used if the
X¢'s zre replaced with a residual (§5.1,¢). It can be shown in the rfollowing
manner that using this residual does not change the value cf bj. The residuai
is

6j-l,t = X - bo Po't -'bl Pl,t - ves o bj-l‘ pj-l,t

Then
zéj-l.t Pj.t - apj’t (xt - bo Po.t - bl Pl’t - 0ce bj-l' Pj‘l,t)
8j.1,¢ Pj,0 ® EXy Py e - bg ZPg ¢ Py ¢ - by IPp g Py ¢ = »ee
- bj-1 zpj_l.t Pt
1
Since

2Pj;t Py, = 0 for j $k
£5j-1,t Pjot = e Pjnt

Substituting this in equation (33) yields

b e o iSi-nt Py
J Qj

The trend of the signs of the residuais will, in general, be the same as
the orthogonal polynomial associated with the next significant b coefficient
and thus the large accumulations encountered using the X;'s are avoided,

216




The computer program is written to fit up to a ky,, degree curve to the
data,

The first step is to compute from j=1 through j=k ..
QQ =N

QL 2R - g2
R [4(412 1) ]

where 11 s N g 251 is the number of points in the smoothing interval.

Then compute from t = - (j—;-l-) through t = (11"_1_)

Prbe™t

Q )
|4 L] tz - [eamm—-
2o e ¢ (o

Qj-1 .
Pjot ™ t Pyap e “%ﬁ.—_a%-m for j=3 thru jekmax

ﬁz,t - 2t

Q2
Py,¢ = Pp,p ¢ 22 ‘(@"‘T‘)

. Q'-l *
Pipt ? Pien,e t E Py '(72}1—-2);’3-2& for J=4 thru J=kaay

IQ -
IR REALIBW: 'qu'i)'l%gj-z,t for j=5 thru jekpgy
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For each set of N data points compute

bg =
Qg
6y = X¢ = by
]
4

2 u 2
8 L 6&
, The following steps are cokputed as j vuries from 1 thru key,. for each set
of N deta points,

; b, = ———dtt L
: J Qj

Q From equation (44) we see that

2 2 52 b2
LXsy - Xp)® = L850 ~ L4530 -5 Q

—p—c

! 7 Therefore the estiazted variance from the residuals is computed uging

§
1 o2 = _ff.:_gi_gi_

D.F.

whers D,F, = N-1-j

and the estimated variance from the coefficient is computed using

- 2
02 » Qj bj

Now the jth coefficient is tested for significance using the F vzluss
associated with one degrae of freedom for tae numerator znd N-l-j degrees of
freedom for the denominator,

. a2 Co s
If - F, then bj is significant d
g
]
and 8§y is recomputed from |

8y = 8¢ - bj Pj,t
2 o 782
3 Eét

and if j # kmax, then j is increased by one and the next coefficient .s computed,

218
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If j = kpax the degree of the curve is kp,, #nd smoothed positions are then
computed. (kK = Kkpax)

-~

If

3 S F, then b;j is not significant and is set equal to zero.
0

If j # kpax and the previous coefficient is not equal to zero then j is
incressed by one and the next coefficient is computed using the new residual,

If j %= kmgy and the previous coefficient is equal to zero then the degree
of th~ curve is (j-2) and smoothed positions are then computed (k = j-2).

If j = kpax and the prev.ous coefficient is equel to zero the degree of
the curve is equal to (j-2) and smoothed positions are computed, (k = ;-2

If j = kpax and the previous coefficient is not zero the degree of tio

curve becomes j-1 and smoothed vositions are computed, This logic is more
clearly explained by Figure 1,

The smoothed positions ars computed as follows:
Xs¢ = bp + b3 pl,t + by P2.t + sev 4+ by Pk,t
or

Xs¢ = X¢ - &¢

The velocity is computed next from

1
Xsp = = [b1 ¢ b2 By e + by By ¢ ¢ voe o by By ]

and the acceleration is computsd from

1
at?

¥3t B [sz + b3 ‘f’s‘t + b4 64’t 4+ 000 ¢ bk gk.t}

The standard deviation of the position data is computed as follows.

The variance of the observed data is computed from

2
023 =
D.Fa
and the standard deviation of the smoothed nosition is ,
1 Py 2 Py )2 2
ox * 0 + ( llt) + ( Zit) ¢ ®oe _EEE&El__
st Qo Q Q Qx
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Standard deviation of velocit: is

o .| L, (2,02 w2 . _(o)?
Xst ~ st | Qg Q Qs Q

Standard deviation of acceleration is

r B. )z (B, .)2 s 1
Ox‘ - i | 4 * ( S’t) + ( 4‘t) + sec ¢ a--l—-k t-
st a2 | Q Q Q Q

Special Numerical Relationships

It is often desirable to obtain sums or sums of powsrs of “ntegers whose

values range from -<N;1 . -(_.rf.;__.s)' er (N;3).<N;1>.
N-1) fN-3 N3\ (N1

For the range t = - .ee the s £

rang ( > /l‘\ 2 / ’ '( 2 / )( 2 ), e sum o

the t's is obtained as follows:

I(t s 192 ~ o2 o (N3, o0 (B3P N-1Y , [Ns1
2 \ 2/ 2 2

Iy Ay R e R

It2 + 2It + N - rt2 ./Nd\?_ N~1\2
\2/ \2/
2 _ N2 B
2t e N e NS 2N 1 N4 N
22
4N
2Lt = el N
It s =d= (N - N) =0
2
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pl et aas ) gyar

It2 is obtained from:

‘ A% (3%, ... (83V (¥

T(t + i)3 - Itd -<N21>3 + NZ%S + ..(stl -(Nzl/,
(N3 % T A5 ¢ NAESR WA
2 \z/ \z/] \2)

I(t + 1)3 - zﬁ--é}%%’ 46"_;5_33
-1 \3 3
3*329*3&*?4-29»%% 4%19

Since Lt = 0
2N3 + 6N N3 + 3N
23 22

3Lt2 + N =

1 [ N3+ 3N . 4N
2 .
== r 22

re2 o N2 - 1)

12

For Itd:

Z(t*l)h’ztu'H*‘”’" +H H H
N 1 cer B-i
2

Lt + 45t3 + 6Lt2 + 4Lt + N - 12 -(.&.%‘ H

1:

SR, - S




AP TR

2 .
Eta'Oand)th--m-E—-ll

ATt + 60t2 o N = Ho t dN3 ¢ 6NZ ¢ 4N + 1 - NY + dN3 - 6N2 - N - 1

2‘0

8N3 + 8N 61(N2 - 1) N
24 12

3 (N3 +N ,/N3-N)
It° = L - -N]
2 \ 2

41l

——

E-

£t3 = 1 [ 2N - 2N ]
2

E-3

it3» 0

The summations of any nower can be obtained in & similar manner,

[ 28]
2
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The following plots are provided as an aid in estimating variances of

snoothed Positions, Velociticz and Accelerations,
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FUNCTIONS OF VELOCITY AND ACCELERATION

The mcving arc smoothing program and the orthogonal polynomial program
compute smoothed positicns, velocity components and acceleration components,
The standard deviations of these data are also ocbtained, From these data
other Jderivative data may be computed., These data include trajectory angles,
the rate of charge of the trajectory angles, tangential and normal zccelera-
tion components, total velocity, radius of curvature and rate of turn,

This veport includes the derivation of the equations for these data-and
for their standard Beviations,

Velocity:

The coordinates (x, v, z) of a point, P, on a curve are expressed as
functions of a third variable, or parameter, t, in the form

X = fo(t)
y = £1(¢) (1)
z = f5(t).

When the parameter, t, is time, the functions, fi(t) are continuous and

if t varies continuously then the point (x, y, z) will trace the curve or path,

We then have a curvilinear motion and equations (1) are called the eguations of
motion,

The velocity or time rate of change of tne distance of the point, P, at
any instant is detormined by its velocity components,

-a%-"“

e
(o

"
4K

(2)

1
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The' magnitude of the velocity, as seen in figure 1, is given by

and Ve = (32 + 32+ 109% (4)

< T 7 -%

FIGURE 1. -~

In figure (1)
%, 7, ¢t = velocity componsnt vectors

Ve = tangential veiocity vector

P(x, ¥, 2) = point on the trajectory

6 = trajectory elevation angle

¢ = trajectory azimuth angle




————

Trajectory angles:

The trajectory angles, ¢ and 8, are defined as the azimuth and elevation
angles, respectively, of the tangential velocity vector for a point, P, on a
trajectory. Figure (1) illustrates the situation at the point, P, on the tra-
jectory in the x, ¥, t coordinate system,

It can esasily be seen that

¢ - tw'l@

4 3
8 = tan {?{2 " ;’2)& :].

Total acceleracion:

The reze of change of the velocity with respect to time is called
acceleration, The total acceleration, Az, may be resolved into components
parallel to the coordinate axes in the same manner as velocity components
were detsrmined.

That is,
dx_ . %
dt
L.y
dt
iy
dt
and

As = (X2 + 52+ I8

This acceleration vector is not, like the velocity vector, always
directed along the tangent to the path. It may also be resolved into two
components, tangential, A¢, and normal, Ay, giving the total acceleration

As = (AN2 + Ac2)
Tarzential acceleration:

The tangential component is in the direction of the tangent to the curve
and is equal to the time rate of change of .spsed at the point, P,

245
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(7)
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dv
t
A B esammucssnn
AT
. dk o dy + di (10)
Ao = d(a’s2<»$'2¢i2)¥~ . Ay
t dt (iz + 92 + %2)&
and using equstion (7)
xEejyoer
A (k2 + §2 + I - (11)

Normal s&ccslerstion:

This component is normal to the tangent at ihe point, P, and directed toward
the center of curvature (Fig. 2).

—T Ve

Ay o Trajectory
- -~ = Path

)
C

FIGURE 2.
PPy is an arc of the circle of curvature through point P.
From equation (9) and Fig. 2 we see that
Ay = (A2 - AR (12)
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Substituting equations (8) and (11) into equation (12) yields

k
(Ge-ipregs-92.Gy.-jel*

Radius of curvature:

The shape of a curve at a point depends upon the rate of change of direc-
tion, This rate is called the curvature at the point, The radius of curvature
at the point is defined as the reciprocal of the curvature and may be found
in the following manner:

Referring to Figure 2, o is the radius of curvature «t point P and

Ay
. - o = 4
sin (B - 90%) -K;~ R {(14)
Since
sin (B - 90°) = - cos B
then
cos Ba - ~2 (15)

The cosine of the angle, B, may also be found from the following equation:
cos B = Xl Ay + My Mg + vy Vo, (16)
where A1, uj, vl are the direction cosines of the line CP,

X

Al-—

©

Ky = - A an

vl E

and Ay, u,, V2 are the direction cosines of the vector, Ag,
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As °
Then xX+yVe+ez?¥
p Ay

Cos 8 =

and from equation (1S)

AN xX+yVez3
T Ks P Ag
-p X Reyg+z9
AN .

Sincse
92.32¢y2¢z2

and p is constant frox P to P1

o

then Mo .. xkvyjoe:
dt p

A% o n XX+ y¥+2%e3x2452, 32

and —
" dt )
or XX +yVezTe+ex24352432a.9

xX+yPezTec(i2+p2, 12),

Substituting equation (3) into equation (23) yields:

xX+yPez¥--v2

(18)

(19)

(20)

(21)

(22)

(23)

(£4)




v

Then using this in equation (20) gives:

Ve2
T (25)

Using eaquations (3) and (13) the radius of curvature may also be found
from

+*
Cr-ID - gy-T DI - (26)

Rate of turn:
In Figure (2) let the arc length PP} be denoted by s, then

s = wp, (27;

‘tThe time rate of change of the arc length is

o () o) (28)

ard since
0
t
ds 0 “duw
at t
then

(29)

The arc length, s, may also be found from the following equation

: r(dx)z /dz’_)z édz)z 5
s = + + dt (30)
t{ t t t




g —

and the derivative of s with respect to t is
%
§ .S (4xY +<—‘-’Z->2¢<-d-392 (31)
dt Gt/ e dt g

§a (X2 492+ 1% av, (32)

Substituting equation (32) in equation (29) gives the angular ra:e
at which the arc is changing or the rate of turn

V. .

b=, (33)

Rate of change of trajectory angles:
The time rate of change of the azimuth trajectory angie is found by taking

the derivative of equation (5) with respect tc time,

$ = tan'l G‘iL’)’ (5)

[ d i ¥ - y .x.

oot AL <

The time rate of change of the elevation trajectory angle is found in
the same manner,

v ran-l Z ,
0 tan [(}2 " ;2)£ ]' (6)
48 . (X2 + 2P 7 - i(x X+ v

[ . ’&
v v Y)(x2 + ¥2)
dt x2 + y2 + 32 ’ (35)

é-

G2+ 925 2.3 K.FNE . 3)7F

e , (36)

¢ and 6 are in radians per second.

e A




Standard deviations:

In the following derivsticas ths variances of the velocity and

acceleration components zre those variances obtained from the smoothed
yosition reduction,

Trajectory angles:

Tha azimuth angle is

¢ = tan~1 @3 (s)

The variance of the angle is found in the following manner,

Since
- e f(ia 9) {37)

then the true szimuth angle, ¢ + 44, may be expressed in & Tiyjor's serias
2xpansion

(¢ + 80) = £(x + 4%, 7 + ay)

(8% + &%)

£k 9 s £, 5 —

- 2
+ f‘ll(ié 9) -Sé-%-z.i..éz;m e ' (38}

where 8%, 4y are residuals and the primes indicate differentiation with
respect to X and y,

Neglecting higher order terms in equation (38) givas

AQ"“a’LAi*'—a'?‘A)'r
ay

g\ 26 ¥ 3 °3
Z(a 2-:6?-)21;&2 é»-f—)z‘a'zlrzé-ge@z..“
(44) ) (8x)2 + ¥ (8y) weyl ey, AX Ay

If 8% and Ay are random then LAX Ay approaches zero and therafore mRy be
negiected,

3 . 3 .
£(a9)? -6-3—591 E(ax)? ¢%$92 E(ay)? (40)
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Variance is defined as the sum of the squares of the residuals divided by the
nunber of observations; therefore we know

el e

2
002 = -—zieﬁ-—or z(A§)2 Y Noéz

N (41)
L(A%)2 .
and o2 = —'("'g)—' or £(ax)2 = Nog? (42)
32
092 = -Eﬁegl-~or L(AY)2 = No;f 43)

Substituting these equations in equation {40} yields

a : ]
oo -

-

where
a 2 *‘WM
» 2%/ {82 » $2)2 (45)
g 3% 22
37/ (3% + y&)¢ {46)
P
therzsfore
.2 .2 <> .2 02
‘ 0,2 = i S ; (47)
i " &2« 3232

and the standard deviatica of the azimuth angle is

3

U¢ 0\ &2 N 92)2‘ /. {48)
The standard deviation of the clevation trajectory angle is found as
follows:
E .
~1 z
¢ = tan T 5)
; | 3hT . (

(8]
[¥a}
o

FW T
X




- v 7 Mt 4 |

The variance is derived in the same manner as the variance for the azimuth
angle and

2 2 2
30 30 26
-G ot G ot € o o

where
0¥ _ x2 72 (s0)
ax (k2 + y2) (X2 + y2 + 32)2
30°Y . y2 22 (51)
ay (X2 + y2) (X2 + y2 + 12)2
2 tz .2
38 x2 + y (52)

2] (k232 392

then %2 32 2 y2 32 2 2 4 92 2
gLe ¢ gt ¢ (i + ¥¢) o
<'*z N 92) x (;: .j,2> y 3

062 = G2+ J2 + 3792 A (53)

At this point we will make the following substitutions which will
simplify the writing of this equeticn:

= (3% + 3% (54)

e

2 qe? 2 e
£ 0s° ¢ 74 oy

2
gpl = 4 v (55)
, 6 (x2 + y2)
3
: Using these substituticns, and equation (3), equation {53) bacomes
22 aﬁf + G2 032
o’ = Vo - (36)

The standard deviation of the elevation trajoctory angle i

g (2ot Eo?\!

06 '\ vtu /. (57)

{ Velocity:

Ve (K252 s ok 4)

t
v
w

b




The variance of the velocity is derived as tefore and is given by the
} following equation: .

Ve 2 EYAR WV \2
2 ™ 2 ¢ ot 2 ¢ 02 58

where
2 v2 *2
v
) v e = (59)
J X X+ yt 4 2 Ve
4
2 v2 2
oV .
AR Al 4 (60)
] dy x2 ¢+ y2 ¢ 22 V2
2 $2 32
av = T 3 T - —z-.-’ (61)
az X2 + y2 o 32 Ve
f The standard deviation of the velocity is
' ] (82 o2 + 92 g%z + 12 6.2)*& @
Ve .\\ Ve :
4
{ Taagential acceleration:
A EX+yye+ez?z an
N R

The variance of the tangential acceleration becomes

2 2 2 2
A 3A 9A ak
ok 'G;"-E) 052 + t) 052 + =2 032 ¢ =) 0n2
t ax X 3y y 9z z x X
. 2 2
2A 2A
¢ oy? + 2 63
{—%ay ' {—83 oy (63)
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where
3At2-/vt§~XAtY. 2
- (70 (64)
2 v .
3Ae ,[VtY-YAzY. P.)2 6
. (*y) (65)
3y \\ Ve .
BAtz./Vt.i-ith. P.)2
3z (\ Ve ]
2 . . .
dA¢ x2 x2
- = 67
A S “n
2 .
Ay _ _y?
T (68)
dA¢ - 22
g : 69
'} Vt ’ ( )

Substituting in equation (63) yields

iz 092@20%202
oit = (px)z oiz * (py)z 092 P (92)2 °i2 ¢- °¥3 Vt! 2.-. (70)

The standard devistion of the tangential acceleration is

52 0s2 + §2 qu? + 32 gu2 |-
oA * &Px)z 032 + (P).)2 oy',z + (P,)? °i2 + X Vtzy ﬁj._. (71)

Normal accelerarion:

AN - (ASZ - Atz).‘ (12)

The variance of this acceleration is given by
2 2 2 2
aiﬂ -G.Aﬁ% 032 *é.aﬁ_f‘a 0s2 o (3N ag? ¢ NN g2
% /) Y 6 3t 9 é ai’) x
2 2
.éam_.._) a=2 » (3MNY 5.2 (72)
¥/ of z




e akan e o

e e o

waers
]

éﬁn_}? / M %\7 AN ALA (73)

\(As -Atz)‘f-/ & G

and using equation (64)

AN

2
- (Py)? (74)
3ax ‘AN

In a2 1ike manner

2

G‘N> .(l_%‘* \ (Py)2 (75)
4 M
2 2
6"’-&9 (-ﬁ&) (P2)? (76)
'} Ay

3

2 . . -
Ay '[—I-(Asz"‘tz)’& é';:_ 2 Ae x):i -./x' . AtxY an

x 2 Ve \AN Ay vt/
<3AN }2 LY Ay ¥

3y \My Ay Ve / 7%
camd (¥ a3 ¥
G G ) 9

The variance of the normal acceleration is

HA 2 V. ¥ - A x\z
aiN = _ANt [(Px)z oiZ + (Py)z 0.2 . (pz)z s ] (tAN - t / o;z
[Vt)"'AtY\z (rE-A + iy -

\ANVt /y \Anvt ) %
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Using equations (64), (65) and (66)

2 _I 2 -
-A v
A E) ot ot v it ot et ot 46D Jo0t o
L
g (Py)2 05;2 + (Pz)2 ooiE]. (81)

The standard deviation of the normal acceleration is

RN A

&
? + (}'},)2 0;2 + (P,)2 cg}J (82)

¢

Rate of change of trajectory angles:

The rate of change of the szimuth angle is

r S ES 2

kz * 92 » (34)

4 The variance is given by

‘2 . . .
NAIA R @92 SRV PRI ‘
GO G G G (53
2 2
{i&; L(xzm)y-(xx ) 2x>./'y'-2i§\ (84)
ax

(X2 + y2)2 \,'(2 . w2 /

‘ /%Y . /;x2+y2> S GF -y Y. fE-2 Y (5)

Nay/ (x2 + §2)2 ) &t
- X (XZ + Yz)\ / N
6}9 \ (X2 + ),z)?/ ‘32 . y2 (86)

| & )

where

o
o
%]
~

L gn L




Substituting in equation (83) yields

' (1] * e LJ ’
2 < ? - 2x % ; X -2 { y f 6 X
¢ = 02 .2 .2 N 0-2 ,I
°¢ x2 + y2 9% * x2 + y2 °y ’\5:2 N y2 a'x ! x2 ¢ y2>2 b (8)

and the standard deviation of the rate of change of che azimuvh trejectory

angle is
3] ¢ o . * o &
F - 2x 2032 ¢ (X - 2y P02 + ¥2 g2 + X2
- X 5 o X 'l (89)
¢ L (x2 + y2)2 .
The rate of change of the eievation angle is
’ &
G2eyy* T-BEkEFHOGR 0 FY
l 6 Ld 2 L 4 (36)
Ve
From equation (54)
4
G (2 +y2)% (54)
o dG xx+?%
ﬁ dt (x2 + y)& (20)
# Using these equations then equation (36) is
£33
e = *
o (91)

The variancs of the rate of change of the elevation angle is

2 2 2 .
o2 e (238Y .20 abY .2, (30Y L2 .30 2 og? (92)
o Eaﬁa G Eaz; z Eag/ G Eaz;

where WY (2 - 5.1 8 26]% _(%- 288} (93)
o6 Ve W/

'vtz (-8 - (6%Z-26 21] 2 f—(b'+ 22 5)]2

Eaéaz
£} th - L Ve? j
Eaé;

3 M

"o

(84)

Y o

(v b | é-i 92 (95)
| v AT

t

e

1~
3 —ot




T

L 4

. o 2
/39)2, é & 9
y; Vtz *

Equation (92) then becomes

, . (E- 28 B)2 og2+ (6 + 23 )2 032 + 32 op? + (2 032
% Vet
where
22 102 4 42 g2
002 = z ox : y oy
G G2
and since
i'io...
¢ (x2 + y2)
the variance is
26\ 26 \2 26 V2 3'6)2
w2 o 2 2 o2
oG o G o G e G
where ~ ,&_-2
Eaﬁ;’_ 8% - X vy X (23 V[ -x%¢
ax G2 G2
o es * '&.“2 [ ]
/a'é\z,ré’i-(xx+yj)y(x2* 2) (83 -5 EY
\ay/ 1 2 G2
o B -2 [ . 2
(30)2: x e gl [xé]
X i2 + ;2 62
(1] g _‘2 ) 2
G¥ |y 2. 30k jzc
éy i ;2 . }2 GZ o

Substituting these equations in equztion (98) yields

(6% -x6)2a52 v (63

L Y2 4.2 22 2 o2 02 A2 el
y G) 0pf + X G oyt vy G« oy

-2 =
%

(96)

(¢7)

(55)

(90>

(98)

(99)

(100)

{101)

(102)

(103)




From equation (97) the standard deviation of the rate of change of the elevation
angle is

[(’z’-zéé)zago(E+z§6)2o_goi'¢_afob2af__:r

op = (104)
Y L Ve .
rRagius of curvature:
ij Vlz
= ™ (s0S
PTTM T TR - Ak (305)
Ths variance of the radius of curvature is
2 2 2 2 2
s 2 « 3 0s2 + 22 020699024-3 2 (3B 2
¢ éaxi ) % 639) 4 i) Ot éa&( 7 W/ Y
+ (30 2 (106)
/) ¢t
where 2
. V.2 dA
2 | AN (30 - =S (-Ap) b
- AN ) - (107)
Ix Ay?

Using equations (64) and (105) then

Ea)z 2% Ay + o Ay Pi)?
a: “{x AN: * ‘) (108)

and in a similar manner

éap;./29ﬁ\ﬂ0pt\ e, \ i
5 \ o X {309) )

J
30V [2{: Ay v 0 A Pz\z 1o
- L Y )

éaz'a \ ANZ J,
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L e L0
pr

2
-v,2 A A
2 14 A S . t
(3N { TH [hs = - M """;aa o
\ox/ AN2 ‘

|r
ax L Ay? ) L Ay (1

then
2 2
éga [ vy (@ (113)
ax Ay?

and iz a like manner

2
Eapaz ~ (2 Ve (Py) {114)
oy Ay?
0¥ fo v, #pY
& -
2z AN ¢

The variance then becomss

02 . (2% Ay + p A Px)2 0g? + (29 Ay + o Ay Py)? oiz v (22 Ay v o Ay 7% 032

o Ayt

02 V2 [(P)? 032 (312 052 ¢+ (P2 D)) (16)

The standard deviation of the radius of curvature is

. r
- lf?;rAu+nA

5 " ! £ Px)2 032 + (27 Ay + 0 At Py)2 92 +(22 Ay ¢ p Ap F)7 042

+ 02 Vg2 {}Px)z o5 + (Py)? oyz + (P,)2 oyzi{IQ (117)
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Rate of turn:

The rate of turn is

L

or since

o.

then w e

> (33)

2
N

" (25)

A
Ay

Ve - (118}

The varisnce is

2 ™ 2 2 w 2 2 M 2 2 Y 2 ' 2 2 2w 2
Osé w g% o gec & g¢< + ] 2 4 o + quz )
w (a;’) x 6:}) Y e:%; z (a?) 7% 63?5 ¥ 65‘9 t (118

where

a:.z

X,

hrn

2
v, a;*n - Ay 35;] [‘V‘i“"] ) (120)

Using equations (74) and (59)

2

W\
(33’ )

- . 2 2

My, L AX
At X T Ty Sl (Ve Ag P | ANk
Ve? Ay Ve AN V3 J

~

= (121)

=(0 Ap Py + Ay X) ]2

- n -

B -

I NN ¢ * S

P PNy
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and in the same manner

2

3. o APy sy ) 2
2y I V! _]

Ea&;;, -0 Ap P v Ay D
-} i Vt3

4 Ay
ax Ve 2 /

then using equations (64) and (77)
2
w 2 - t Py 2
Ea‘is Vtz E-‘Ei;
éa&;z. (?xaz
Yy N
-
J L]

Thc,Vlriance is then

snd

2ot A Px e M B0 e (o A By Ay )% 0gt v (6 A Py v Ay B op®)

Y] Vts

. (P02 oy + ()2 o » (Pr)? oy
ANT

and the standard deviation is

.. ({D-RPx*ANi)zciz*(nAtb*Aui)zoyz*(okt?z'&\i)iogz
w l- er

L 0P ap s B2 ap e Byt o |t
ANZ

[o]

2063

(122)

(123)

(124)

(125)

(126)

(127

(128)

(128)

- g W*T

Py
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Conmputational Procedure

Using the veiccity and acceleration components obtained from a smoothing
routine and tnhe¢ variances of these components compute the following

Velocity:

Ve = (34 » g2 ¢ 8208 (1

Trajectory angles:

NYSA
¢ = tan" ) 2)
/3
1 8 = tan™! (‘i‘) {3)

where .
G« (k2 + y2)k Q!

ﬁ Tangential acceleration:

xXeyPez?d
A = ireiE )

Total s&ccelaration:

As = (X2 + 72 o 320 (6

Normal acceleration:

E Ay = (As? - Ag2)k (7

&acc of change of trajectory angles:

$ = _i_ZE%_LJL. (8)
63 UZ-ZG (9)
Vtz
whore
4
‘(;'.._3_._(,’;..!.1_‘ (10)
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Wv‘-r

o v——v"' W had A

Radius of curvature:

2
D.-—v-‘—.
AN

Rats of zurn;

& -t
[+]

or if the radius of curvature is not svailedle

R

Ve °
Standard Doviations:

Velocity:

2 032 4 32 ge2 4 32 go5
G’v n 5
4 vtl
N

Trajectory angles.

/}2 032 » §2 g2\
Ce *

/12 g2 o {2042
ae l‘\ —é‘v“

2 2 b 2
wiore oéz - X ji—{;; 4
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(13)

{13)

(23)

14

(15)

(16)

(17)

[

)
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Tangenrisl accsierstion:

[V € - % & ¥

(Px)? ‘\ ) (18)

Ve ¥ -9 AY
P)2 = et t (19)
Pp? === y,

v: o _ 2 A \2
(pz)Z ‘[ i z {.j

(20)
\ W
> i
! p f‘ i
GAy = pr}z ciz + (Py)‘ cgz + (Pz)2 as?
; £
H '2 0.2 - .2 ‘?‘:2 > ‘22 0"2
4 : + ol ¢ y 3 ya k- {21)
! "t '
i

Norxal scceleration:
~& Z A
4 L

2 A
vy sz o > (P2 oy? » (Py)? os*} (22

Rate of change of trajectory angles:

r %
(¥ -~ 25312 0:2 ¢« (5 =27 3)2 002 4 32 032 4 32 g2 &
00 - | (, ‘) x ( )’ ?—)‘r "y )’ x x :} (23)
G
[ (5 - 26 8)2 022 + (C » 22 8)2 622 + 32 g2 + 2 g2
oL = ( ) G ( F4 (‘,2 2z Tﬁ. (24)
0 Ve J
E G X - x 0)2 gs2 C% - Y812 002 + X2 G2 $2 02 w2
) b o2 = (6x=-xG)?o3*+ (Gy -yG)° opc +x°6 oy + y? G oy as)
P ere z ™ )




e ——

Radius of curvaturc:

1 . .
I EZXM +p At Px)2 032 + (2y AN ¢ p Ag Py)2 op?

+ (22 Ay + p At Py)2 032 + p2 Vg2 @’x)z og? + (Py)? op?

B
. (P2 m@ (26)

Rate of turn:

r - . ., -,
gs = , (p At Px + Ay x}2 gif + (0 Ag Py + Ay y)2 0p2 + (p Ap Pg ¢ Av . % 03t
{ e r Ve
(px)z ol ¢ (py)z 2 4 {pz)z 0!2 ‘s\ 27
s " (27)
L
i 4
267




— -~ - —— ™ ¢ e g -

D.  VELOCITY AND ACCBLERATION

1V Angular Velocity and Acceleration
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ANGULAR VELOCITY AND ACCELERATION

Introduction:

This program computes the angular velocity and accelexation (tracking
rates) of a given Contraves camera, These tracking rates are inserted in
the Contraves Predetermined Function Generator (PFG), which permits auto-
matic tracking of a missile, The PFG directs the Contraves telescope to
& missile whose launch position and probable trajectory are known. The
Contraves operstor has only to make slight corrections with the joy stick.
After the predetermined function has been completed the control automatically
remains in the hands of the operator. The PFG is used whenever extremely
high acceleration does not permit manual tracking or whenever the missile
is obscured from view during the first few seconds of flight.

Description of Pradetermined Function Generator:

The PFG is, in principle, an electro-mechanical translator. The
eievation and azimuth functions are gensrated by cams the shapes of which
produce the functions in polar coordinates. A feeler resting on the peri-
phery of each disc actuates a precision potentiometer as a function of the
radial coordinate of the cam, The potentiomcter then supplies a voltage
proportional to the predetermined function to the thecdolite, The cams are

driven by a synchronous motor which insures that the time factor will be
exactly represented,

The starting pulse after ampiification actuates a relay which starts
the synchronous motcr and simultaneocusly closes the circuit from the paten-
tiometer to the theodolite, After ahout 19 seconds a limiting conzact stops
the synchronous motor and returns the Contravos to the manusl tracking mode.

The unit ic of simple and sturdy construction. The two function cams
are slipped onto the shaft of a turntable calibrated in seconds. The posi-
tions of the potentiometer feelers are indicated by disls calibrated in
angular speed,

Dofinitions of symbols:

to = time at beginning of the interval
t{ = time at end of the interval

ag = s2imuth angle at time tp

af = azimuth angle at time ty

To ™ olsvation angle at time to

vy vaswvvation angle al time tj
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Xi» Yi» 21
Vxis Vyio Vzi
XL, YL, ¥

Xc, Yo, He
Xeis Ymis Zmi

Vmi» Vynio Vami

CF
QG
XA

3 E

azimuth velocity at time to
azimuth velocity at time tj
elevation velocity at time t,
elevation velocity at time ty

azimuth acceleration computed from azimuth velocity at
time t3

elevation acceleration computed from elevation velocity
at time ti

azimuth acceleration computed from azimuth angle at tims t3

elevation acceleration computed from elevation angle at
tine tj

coordinates of missile with respect to camera at the i‘®
time

velocity components of missile with respect to camera
at the ith tine

WSTM coordinates of launcher
WSTM coordinates of camera

coordinates of probable or standard trajectory at the jth
time

velocity components of probable or standard trajectory at
the ith time

conversion factor for desired units
quadrant elevation of missile
azimuth of fire of missile to be launched

(QE of missiie to be fired) - (QE of standard missile)

Mathematicali Discussjion:

The rates to be inserted into the PFG will be the azimuth and slevation
accelerations that best describe the changes which occur in the azimuth and
elevation during the time interval to thru tj. The PFG utilizes up to ten
of these angular accelerations and time intervals,
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The angular accelerations may be computed from either the angular
velocity or the position (angles),

Accelerations based on angular velocity are computed using the
following equations:

dij - &
R, om0
Vi .

t; - ¢

.. *
LTS Sl
Vi

tl - to

Accelerations based on position (angles) are computed from:

. 2[aj - ag - c.30 (ti - to)]
apl =
(ty - ty)?

2[ej - g9 - &5 (ti - tg)]

(i - to)2

2 =

1f 30 = 31. then azimuth accelerations computed from the two methods

will be equal and the position (angle) and azimuth velocity wiil be correct
at time ty,

If 8, == Yj, then computing azimuth accelsration from the velocity will
introduce a constant error into the position at time t. but the azimuth velo-
city will be correct at tj.

I{ &, % Y; and azimuth acceleration is computed from the po-. zioms, dan
error will be introduced in the azimuth velocity but the pesitzon .t tj will
be correct, However, the error in the azimuth velocity will produce a cumu-
lative error in the succeeding positions. This cunulative error will socn
exceed the constant position error introduced by the first method of zompu-
tation, Therefore the following reduction is based on the first metnod of
computing accelerations from velocities., The previous discussion also
applies to the elevaticn acceleration computation,

The angular velocities are derivedas follows:
If us= F(x, vy, 2)
and x = f) (%)
y = 2 (1)
z = f4 (1)
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AN

o . ( aal— 6 aaj . au]-
ai - ui = 3x>in + ay)Vyi +<az sz (1)

whers
dog -Yi
x " X3¢ + Yi
3&1 X4
ay - xiz S yir
3(:1
3z =0
1
3 301 aai 3&1 .
Substituting % T3y ' 33 in equation (1), it is easily ,sen that

& - Xi Vyi - ¥i Vxi 2
x32 + y;2 @

i

- = ~1
1£ €y uy tan [_("iz N yiz)g—-j

. R 3y 9t ) LIS
and gy = Uy = x /Vxi * y Vyi * T3 Vai (3)

274




where

T3 -Xi zji

} =

x (a2 ¢ iR (47 ¢ yi? v y?)

aej . -yi 2} -
dy (x32 + ¥4 (x32 + y32 + 249)

i (xi2 + y?p
3z (xiz + yiz + 212)

Substituting 25l _3el - 2el equation (3),
ax £33 2

(532 + ¥i®) Vzi - 24 (%5 Vx5 + Y§ Vyq)
\ (x12 + yi2)& (xi2 + yi? + 24?)

(4)

Computational Procedure:

AngulsT velocities and accelerations of a camera may be computed from
either & standard trajectory supplied by the contractor or from the trajectory
# data of a missile which has the same trajsctory as that expected from the

missile to be firsd, The trajectory used must be with respsct to the missile
line of fire,

For each camera compute ths coordinates of the launcher with respect to
the camera and rotate the coordinates through angle A 28 follows:

X = (YL - Ye) cos A+ (X ~ Xc) sin A

; (’ Y'-(YL-Yc) SiﬂA*(xL~Xc) cos A
! 1=H -H
| where ¢ A = Azimuth of fire of missile tobe launched

Xy, YL, Hy = WSTM coordinates of launcher

Xc, Yo, Hg = WSTM coordinates of camera

o o
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The probabie or standard trajectory data for each jth time required
is then rotated through angle E, The equations for rotating positions are:

X;i = xmi cos E - Zmi sin B

Z;i = xEi sin E + zni cos B

an:! velocity components become:

Vyi = Vimg

Vl1 = Vx-i sin E + vzni cos E

¥ E = (QE of missile to be fired) - (QE of standard trajectory)

Xais Yajs Znj = Coordinates of probable or standard trajectory at the ith
time

Vimis Vimis Vymi = Velecity components of probable or standard trejectory
7 at the ith time

The positions with respect to the camera at the 3th time then become:
xi = (X)CF + X;i
Yy = (Y)CF + Y;i

z; = (DCF « 2,

where CF = conversion factor to desired units,
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Xi VYi = ¥i Vxg

The angular velocities are computed as follows:

a; = 2
i x;2 + ¥52
(x_2 + .2) v -z ( v ¢ y: V-
PR e SR £ SO Wl WS WAL yi Vyg)
1

{x;2 + yi2K (%32 + y42 + 239

and the angular accelerations, computed from the angular velocities, are:

N 5i ~ %i-1)

o
Vi ty - t(a1)

&i - &-1)
ti - t(i'l)

-
. =
ch

. e .
aj, €; are in degrees/sec

(1] [ - d 2
Qyjs Eyy 8T 1R egrees/sec
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wendua to tae Computational Procedure of the virular Veloclits ol
Accelerat.r . < ort in tac ilandbook.

. .
[FEYS DAY

ctand of comauting the position of tae =issile wits

matrixn {on» as

1 '1 -1 ‘-
: .o - zin A i - 3} ) : .
‘ RN sin A1) (cos L sin o ! mii J\Hl.
t ! . "
S.v A cos A1 ] i ] i v, o=
l i | 98 .'.
H y [ y COs i { H -
{ } J i ! LSU., ) cos iy LZnL s
P ( or
r 1 ro, 0
£y i :
s ' mi E mio
DNIRORES -y
[ om mi !
) ‘ toe |
; Zni L Zmi ’
Lo Jd
. f 1) Y' t .
n Selving for Xmi I Zmi yields
' - . -
kmi = cos A (Xmi cos E - Zml sin L) - Yni sin A
|
. .= sin A . E - . Y o+ Y .
; le si (Xm1 cos Zml sin E) mi €08 A
; ' L+ z 1
Z . . sin L + . s b
Zi ® Xml sin mi <08

The missile position with respect to tne camera may taen be obtained from

1 $
Xp= Xy 0, - Y0

Y. = \mx * (XL i XC)

i C

2.0t (l]L

ta
"

- 1)

Preceding page blank
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tiae cuamira -n To rotate the vosition of the missile of tiie 16 thos Tovoe,
tac anglo, &, taen taroupa the angle X, aid taen trapsiate t.as osition
that it w211 we wita respect to tac cauera.  Tie rotaticis oy Ol SO0WT L.

,

"~
[ L8]
~—

(3)
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or using equation (2) the rotation and translation becore

~

-

e —

1

r 'T e 3
Y- Ye mi Xni Lo Ye
]
X, - X AL BN Y = | Y X, - Xe )
1
“L } ”C i “mi mi “l ) ”C
L J H § L B L ]

If toe positions are rotated and translated in the above manner then the
velocity componcents must also be rotated through the same angles as the positions

were., That is,

v ] v ]
xni X1
(Al [E] Vomi = Vi (6)
'
| Vami | L Vai |

The results of cquations {5) and (6) are then used in the equations for
finding the angular velocities and accelerations,

It may be of interest, at this point, to note that equation (5) above and
the cquations for Xi , Yi Zi in the landbook are not cqual. This is explained

in the following paragraphs.

In the Handbook the coordinates of the launcher with respect to the camera
are first rotated through angle A by use c¢f the inversc matrix {A]'l.

Y, - Y X
-1
[A) X - X = Y (7
H - He 2]
L o
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Since {\! 1s an orthogonal transfomation we have

icos A sin A O]
[A]°l =iy, = -sinA cos A i (8)
0 0 1!
L J
ana souviag for X, Y, Z in cquation (7) yields the equations in the Handbook.
That s,
\ o= .’.\'.L - X(.) sin A + (YL - Y(,) cos A
Vo= (X - XC) cos A - (YL - YC) sin A €))]
7= “L - “C
The next step in the Handbook is to rotate the position of the missile
at the ith time through the angle E, In matrix from this beccmes
[ 1 B 1 ] *
1 [x.]
mi mi
1
(L] Ymi = Ymi (10)
Z . z.
mi mi
L K - -
Lquations (7) and (10) are then added to obtain the Xi’ Y., Zi listed
in the Handbook. 1
i ) Iy 1 r
Lo Ye | "o 1 i
-l . ' = ) Y
[A) X, - Xe + [E] Ymi% ;Yi (11)
{ ! i
- e Vg 4
R B ' ] [
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If it is desirca to obtain the position of the missile with respect to
the camcra in the same reference system as :n equavion (5) then one more
rotation througn tne angle A is necessary.
angle A yields the following matrix form:

. :
‘L Y g
-1 NN
(4] [A] R IR SR
idL - ”C %Zmi
] !
or - - -7
o 1 - "]
YL - YC Xmi
XL - XC + [A] [E]) Yﬂi
”L - ”C fﬂid

Rotating cquation (11) through

and cquation {13} is cqual to cquation (5).

xf}
i
' .
Yi A2
St
“i
L
(13)

Tris last rotation is unnecessary vecause the only things being con-
sidered in this reduction arc the angular velocities and acceleiations, 1If

the azimuth angle,

, Wwere to be comuted from equation (5) it would differ

from the azimuth anglec computed from cquation (11 only by the constant aniic
A. Computing the angular velocity using the azimuth angle in the case of

that computed {rom equation (5) yields

and using equation (i!, gives

d [P 1‘\)

dt

:& - N =
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POSITIONAL DERIVATIVES FROM RANGE OR ANGULAR DERIVATIVES

Introduction:

This is a method used to compute the positional velocity and accelsration
components using derivative data obtained frem ranging or argular messuring
‘ystﬂ“ .

The least squares method is employed to obtain the positional velocity
and acceleration components,

The equations used to compute the velocity and acceleration components
and their variances are derived in this report,

Several applications of this technique are shown,

Mathematical Procedure:

Velocity Components

Tke coordinates (x, y, z) of a point, P, on a curve are expressed as
functions of & third variable, or parameter, t, in the form

us=F(x, vy, 2) '

vwhere x = £f1(t)
y = £2(¢) (1
z = f3(t),

The velocity, or time rate of change of the moving peint, P, at any
instant is found by tsking the derivative of the function, u, with respect

to t.
du au /dx su\/d u'\/dz
It ’(a:) éﬂt) * éayjﬁat) * éa:)éat) (2)

where -%%— . —%%- , and ~§%— are the positional velocity components,

o
e

4 o

e
-
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Le%ting

KU
2z

and substituting in equation (2) gives

g

T -&jutaj+ybj0!<:j

for the jth observation, j s 1, 2, 3 ¢«s q,

Using the least squares procedure on equation (4). the swa of the squares of
the residurls is giveun Ny

S =

J

He3 S

[ﬁj~iaj-)‘!bj~ic§].z
1

The sum, S, is minimized by equsating its partisl derivativos,.-%én R -%;— .

and -%i— , To zero and solving the three zimultaneous equations for X, y, and
H

z. Thes~ equations are:
k £(2j)2 ¢ § £(aj by) + & £(aj cj) = x(ﬁj 2;)
% I(aj by) + ¥ I(bj)2 + % I(dj ¢§) = £(&; by)

X I(ay cg) ¢y I(by cg) + 2 E(eg3? = £(iy cf).
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Al

Y In matrix form thuse cquations become

I(ay)? L(aj bj} Z(ag ej) ] [ [zl aJ)l
i(aj bj) Il(bj)2 Z(bj CJ'} i'y , » Z(isj bj) (7N
r{ay cj) E(bj cj) I(cj)? i.J E(hj ¢5)_J

i. } and z may then be soived for using the following matrix form.

i [ % lr'}:(aj)z £(aj bj) I(2j <) -1 ~Z(bj a4)
[9 = | L(aj by} 2(bj)2 L(bj cj3 (% bj) {8)
{ t] By I ep)  I(ej? ATV ]

Variances of the Velocity Components

From equation (4), the residual of the jtR cbservation is

§ij = (U5 - X 8y - ¥ by - 2 ¢j). (9

An estimate of the variance of G is defined as the sum of the residuals
squared divided by the degrecs of frecdom,

su:)2
| o2 » “d“;f) i (10)

where d.f.= n - 3, and n is the total number of observations,
i The variances of the velocity components are computed using the oj?

above and the elements of the inverse of the least squares cocfficient
matrix, Rewriting equation (8} as

(v} = {A]-1 (8] (11)
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then the variance of [V] is op? (a}j-1, 1t Aij is the element of the ith cow
and jth column of [A}"l then the variances of the velocity components are

0g? = 0p® Aj1

092 = aﬁz A2z (12)

032 = op? Azz .

Acceleration Components

The acceleration, or time rate of change of the velocity, of the point,
P, at any instant is found by taking the derivative of ths velocity of the
function with respect to t. From squation (4), the velocity of the function i3

ﬁj « X &y ¢ ¥ bj vz Cj. (4)

The derivative of Uj with respect to t is

O A S PP NS - N YRR AR -0 BPYR U ¢t
dt dt ét dt dt de dt °

X dY | ond 3Z_ are the acceloration components and
de dt dt '

Y

and

. ~r ° MO R A v"-"_'v‘

q
_‘3;3_ - by (i5)
{
de
"7?%".‘éj . {
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Substituting equations {14) and (15) in equation (13),

uy = X éj ¢y 55 + 2 Ej +%oaj e y by + i'cj. {16)

Using the least squares procedure on equation (16), the sum of the
squares of the residuals is given by

n
Se ) [y-xdy-yb5-2¢-Kay-Foy-%ey’ an
j=1
. . . . . . 3s aS
The sum, S, is minimized by equating its partial derivatives ~1;— ;155- and

S oo
22 , to zero and solving the three simultaneous equations for x, y and z.
) ’

These equations are:

X I(aj)2 +y I(aj bj) + z I(aj ¢;) = rfuj - X aj - y by - z cj) aj
X £(aj by) + ¥ E(bj)2 + Z E(bj cj) = L[Uj - X a5 - ¥ by - Z cj] bj (18)

a6

X (ay ¢j) + ¥ L(b; cj) * ERICHER Eiﬁj -Xaj - y bj - T ¢l cj.

In matrix form these equations become

”2(35)2 IL(2j bj) £(a; ¢4) | (%1 z('&),- - xaj-yb;- z ¢j) aj
L(aj by) E(bj)2 £(bj cj) ?—}- L(Uj - x &5 - ¥ by - 2 &5) bj | (19)
t(aj Cj} z(bj Cj) E(Cj)2 z .I(uJ - X ij - ; 51 -2 Ej) cj .
Rewriting equation (19) in the form
(Al (9 = (], (20)

X, ¥ and Z are solved for by using the matrix form

(1 = ()7 (). (21)

289




Variances of the Acceleration Components

Using equation (16), the residual of the jth observation is found to be
cﬁj-(ﬁj-iéj-iﬁj-iéj-’:Zaj-')‘bj-'z'cj].

An estimate of the variance of U is defined as the sum of the squares
of the residuals divided by the degrees of freedom,

) L(su;)?
ge ~oo
u d.S.

where d.f.= n - 3, and n is the total number of observations.

ins varlances of the accelersation components are found using 0{,2 above and
the elements of the inverse of the least squares coefficient matrix, This
matrix is the same as the inverss of the coefficient matrix used to compute the
velocities. Using equation (21), the varisace of [9] is oy? [A]°}. Aij is

again the element of the ith row and j‘h column of [A]™}! and

ox? = op? A

092 = oyl Az2

0%'2 - dﬁz A33 .

Applications

Dovap data: This system measures an ellipsoid of revolution about a
preselected transmitter and some ith receiver. Velocity components, usiug
pesition data from eny source and the time rate of change of the loop range
from dovap, are found as follows,

The loop range is
uj = [xe? + ye? ¢ 22 o [y ¢ yi2 ¢ 25200

where
X¢s Ygs g ars position coordinstes of the missile with respect to
the transmitter at time t,

TR

Xi, ¥i 24 are position coordinates of the missile with respect to
the ith raceiver at time t, )

(22)

(23)

(24)
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F’v‘v

Then

du4 Xt Xj

4] ’<3x>'<kt v Ri>
i = duj Yt Yi
] 3y .<Rt * Ry
3u i, Zi

. '( ) )'eat Ri>

where 0k
Re = [xt? + y¢2 + 2¢2)

4
Ry = [x3% + y3?2 + 2;7)%

ﬁg is the time rate of change, or velocity, of the loop range obscrved from
tho jth dovap at time t.

ay, bj. ¢y and Uj sre computed for each statioi. and substituted in equation
(8) to solve for x, y and 2z,

Acceleration components are found in & similar manner using position and
velocity data from any source and'the time rate of change of the velocity

of the loop range, aj, bj and cj are the same as those computed for velocities
and

. day /kt x - xt fe /ﬁi x - xi Ry
8 % Tdt 'K Re2 *\ RiZ

8 dbj /Rt;")'t ét\‘/Ri - - y1 Ry
) IR T '\ ReZ / \ R;Z

. dcj /Rgi-zt ﬁt\,./li ;.-Zi r'q\
dt '\ Rel 7 \ Ry 2 /

where ., .
Pe = [xe2 + ye2 + z.2)"
ﬁ . %t i + ¥Vt 9 + ¢ i
t Rt

and

Ry = [xj2 + y;2 + 7,2]%

+

PR S X+ yiy+z 2
i Ry
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Gj is the time rate of change of the velocity of the loop range,

Equation (19) may then be used to solve for X, ¥ and %.

Cinetheodolite data: This system measures a line in space defined by an
azimuth angle (aj) and an elevation angls (cq). Velocity components, using
position from any source and the time rate o change of the azimuth and elevs-
tion angles, ars found in the following manner, In this case each azimuth
angle is considered as an individual observation and each slevation angle is
considered as an individual observaetion, If only azimuth angles are available
there is no solution for the velocity component in the z direction.

Yhen
. or = tan~t 2L
Uj Q:‘ tan \xj>,
duj =Y
& - =
TR xj? + yj?
b = duj . Xxi
3 3y sz + yj—z_
al
cj = —a—zL =0,
When ] 1 zj
- uj . = Xj 2j
j Ix (sz + yjz)i (sz + yjz <+ zjz)
ouj - Y;i 23
by = ] Yji %

3y (x;2 + y;D% (x32 + y52 + 239

auj (xj2 + yi&)k
31 R sz + ):jZ + ij

o

29;

e




- - w
e

In both cases Xjs Yjs Z4 are position coordinates with respect to the jth
theodolite at time t, Tﬁis grocess is followed for each azimuth and elevation
of each theodolite at the time t, The cofactors of the least squares coefficient
matrix ars computed and from equation (8) %, $, % are then found, G; is the

rate of change of the angle,

The same process is used to compute accsleration conponents. The co-
factors of the least Squares matrix remain the sane as those used to compute
velocity components, When

4oy
then
30 - daj L y (sz + sz) * Yy (2% X+ 2y5 y)
3 dt (xj2 + ;)2
; . * -
¢ dbi x (sz + yjzj - X (ij X +2y5y)
( j dt (x;2 + y52)2
* dc
S3 w -—.L. =0,
B
When ’
Uj - Cj
then - x‘j 23'
aj - (sz & yJ.2 * zjz)(sz + ij)r
b - Yj 2
j (sz * yjz & sz}(sz +* ijjr
! L xy? *_Zi?)& .
If we let
By = (x5% + yj2 4 2,2
then - Xj zj
4 aj = Dj (ij + ),32)1
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(x42 « y4)*

Dj

Taking the derivaiives of aj, by and cy with respect to t, gives

dﬁz =Dy (42 + y3) (x5 %+ 24 %
&j E) TS L Dji (sz » ﬁ!)& +

xj zj [D) (xj %+ 5 9) + (92 + %) By)
] Dj2 (x42 + yJZ)l

b by syt e gt )
* ) dt Dj2 (ij . yjz)&

yj 24 [Df (x§ %+ yq ¥) + (252 + y32) Dy]
r njz (sz . szli

t &.dﬂ‘Qi(xji*y‘ji')'(ﬁz‘)'jz)éj
j dt Djir (sz . ij)i

————

where

_%?_-%-iji#Zyj}*Z'zj z,

53 is the time rate of change of the velocity of the angle,

These values are computed for each angle of each theodolite at time t,
Equation (19) is then used to solve for X, y and Z.

Velocimeter data: This system is a high frequency doppler system which
provides the time rate of change of the range.

uj = Ry = (sz + yj2 ¢ zjzjﬁ

* i B Ry

b aial-n—)g—
] Y R

e
|
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du; z:
s B
J A Rj

where xj, Yj» 2j ace position coordinates, from any source, with respect to

the velocimeter,

These values are substituted in equation (8) and X, y, I are computed.

To compute acceleration data, aj, bj and cj are the same values as
computed for the velocities and

s . daj . d (53N Rj X - Xj Ry
) dt dt \R;/ " Ry?
S ,..‘.L(Ji}, SRARIRY
J dt dt \Rj Ry

L. dc: i d (Z- . Rj z - Zj R]
) dt dt Rj) RJ-Z
where . X: X + i
Ry = /'J R- 3.
\ j /

0 is the time rate of change of the velocity of the range, Equation (19)
is then used to solve for X, ¥ and Z.
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EARTH CENTERED INERTIAL COCRDINATE SYSTEM

In this discussion we shall develope and derive the equations needed for
transforming component positions, component velocities, and component accelera-
tions in White Sands Cartesian System to component positions, component velocities
and component accelarations in an Earth Centered Inertial Systenm.

9
WSCS is a left-handel system, (x, ¥, z), with the x and y sxes in & plane
tangent to the evarth. Ir the following development the origin of the WSCS is
trenslated to the point <f tangency of this plane on the Clarke spheroid of
1866, The x-axis is aligred pesitive to the north; the y-axis positive to the

east; and the z-axis positive up along a piumb line at the point of tangency.
The ECI system, {Rx, Ry, Rz), is a right-handed cartesian system with its
origin fixed on the earth's spin axis ip the squatorial plane, The orisntstion
of its axes remains fixed in space while its origin moves in a path through
spece coincident with the earth's motion. The initial orientation of the ECI
axes ig determined for sach mission as follows: the positive Ry axis lxes in
the earth's equatoriel plane directed toward the longitudinal meridian of the
missile launcher at missile flight time t = tg; the positive Rz axis is directed
south along the earth's spin-axis; the Ry axis completes the right-handed set..
Definitions used in the derivation:

a is the semi-major axis; and b is the semi-minor axis of the Clarke
Spheroid of 1866,

¢ i3 the geodetic latitude of the WSCS peint of tangency.

8 1is the geocentric latitude of the WSCS point of tangency,

2
¢ is related to 6 by € = tan-! b tan ;\ .
a? ,/

Ay is the longitude of the launcher. (Negative in the Western hemisphere,)
Ac is the iongitude of the WSCS point of tangency. (253°40' c¢r -1u6°20'j.
w is the sarth's anguiar velocity in radians/sec, (+7.29211 x 10‘5).

t is the time velative te lift at which a coordinate point in WSCS :s to
be transformed inte ECI coordinates,

Ak = (Mg + wt) - g,

R is the geccentric radius of the WSCS peint of tangency defineda oy

a
‘s (1 + K sin? 9)%
h
where K - a% ; b2 .
D . 363 Preceding page Blank
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Procedure:

90ﬁ§g§¥¢§§§§1!
Mr;’ e

The WSCS is first rotated about the ezst-west or y-axis thru an angle

x'

of (90 - ¢) and yields the coordinate values {x', y', z'). (Seo Figure 1),

= x cos (90 - ¢) - z 3in £90 - ¢)

ay 1)
x sin (90 - ¢) * z cos (9G - ¢)

» X sin ¢ - z co3 ¢

.y _ (2)

% cos ¢ + 2z sin ¢

In matrix foim

x'
yl

Z

sin ¢ 0 -Cos § X
=] 0 1 0 Y (3)
{cos ¢ 0 sin ¢ 2

Earth's spin
axis ‘
i 90~¢

[ 23

2__—Longitude of WSCS
Point <f Tangency

FIGURE 1.
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2. second rotation about the z' axis thru an angle of (180° + AA) yields
coordinate values (x", y", z'") (Figure 2),

X' =

y' =

LA
or

x'" =

y!' =

b AL
and in matrix

x"

y"| =

z"

x! cos (180° + Ax) ¢ y' sin (180° + aA)

-x' sin (180° ¢ AX) + y' cos (180° + AX) 4)
z!

-X' cos AX - y' sin &)

x' sin A) ~ y' cos Al

(s)
2!
notation
-cos 4A -sin 4l 6] x!
sin A\ ~cos A ﬁJ y' (6)
0 0 1 Lz',

Earth's spin

axis
z:
Longitude .
of launcher y
180+aA)
xl - - - -
St

‘ﬁL—Longitude of WSCS
Point of Tangency

5 %

] b2
Equator

FIGURE 2,
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The system (x", y", z'") is a left-handed cartesian system which has its
axes parallel to the ECI system required., To convert the (x", y", z"} to a
right-handed cartesian system (x'!', y''', z''') with its axes psrallel to,
and in tho same direction &8s, the axes of the ECI system we have
X'PY » xM
FALLREIRE] (7N
gttt g -2
It is now necessary to translate the (x''', y''!, z''') to the ECI origin
(RXO Ry, Rg). (Figure 3).
Ry = x''' + R cos 6 cos 4A

Ry = 7''' - R cos 8 sin AX (8)

Rz = 2''* - R sin 6.

Earth's spin axis '

\'c—-- Longitude of WSCS
Point of Tengency

A

-~z_-Equator

FIGURE 3.
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rhx] -COS A -sin AA 0 sin

Ry = | gin A) =C08 AA 0 0

Ln, .0 0 .

P

ccs

~-
: R cos 6 cos AA

— —————y~ - .Y

In matrix notation the complete rotation and translation from the left-
handed WSCS to the right-handed ECI coordinate system is

9 0 -Cos 0-5 x}
1 0 y

¢ 0 sin ¢ 2

+ |-R cos & sin Al (9)
-R sin ¢
or
1 s
Ry -cos AX sin ¢ -sin AX cos AX cos ¢ X
{
= | sin A) sin ¢ ~cos AA -sin aA 'cos ) y
R, ~COS ¢ 0 -sin ¢ z
R cos & cos L}
+ |<R cos § sin A) (10)
<R 8in 6
Coxponent Vslocities
Rx, Ry snd R; may be differentiated with respsct to time to determine
the component velocities, The component velocities are derivad 2s foilows.,
rom egqustion (10),
Ry = -x ¢os 4k 3in ¢ - y sin 4X ¢ z cos Ak Cos ¢ « R co3 6 cOs A (11) é
q
Ry = x sin AX sin ¢ - y ccs Ak - 2z 2in 8) cos ¢ - R cos & sin AA (12)
Rz » -x cos ¢ - z sin ¢ « R sin 6. (13) §
\
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Differentiating equation (11) with respect tuv time gives

. oxfoci daa o : dx - dad
R, = -x(-sin aA sin ) G- - {(cos A) sip ¢) = -y (cos 8)) —=2=
. Sy -si gax | dz
{(sin A)) 3¢ + z(-sin 8) cos ¢) i * Tat cos A\ cos ¢
-R(sin AXA cos 8) (%3%) + 25 (cos 6 cos AA) (14)
{ whers aay) L. ax_ ., ;
dt dt
aR_ A .y
ac "0 rradd
d2(8)) . duw . g dz_ 3
dt dt dt ‘

Substituting these values in equation (14) yields
4
Ry » wx sin AA sin ¢ - wy cos 8A - wz sin AA cos ¢ - wR sin AA cos O

- X cos AA sin ¢ - ¥ sin AA + Z cos AX cos ¢

Or . éx s wfx sin 4A sin ¢ - ¥y cos AX - z s:n aX cos ¢ - R cos 6 sin A1}
- % cos 8X sin ¢ - ¥y sin AL + % cos 8 cos §. {15)
!
Frozm equation (12) we know
] Ry = x sip 82 sin ¢ - y cos AA - z sin Ak ccs ¢ - R cos @ sin 8A, (12)
Substituting this in equation (15) gives
E Ry = wRy - X cos Ak sin ¢ - y sin A\ + Z co. AX cos ¢, (165

Differentiating equation (12) in the same mannar yields
Ry = w{x cos AX sin ¢ + ¥ sin 34X - z co$ AA cOs ¢ - R cos AX ces 6]

+ X sin A\ sin ¢ - y cos &\ - Z sin AX cos 4. an
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Substituting equation (11) into equation (17) we have

Ry = ~uRx + x sin AX sin ¢ - ¥ cos 4A - % sin AX cos ¢. (18)

Differentiating K, [equation (13)),

Ry » =X cos ¢ -  sin o, (19)

Summarizing the velocity components

Ry = wRy = X €03 8A sin ¢ - ¥ sin 4A + Z cos 8 cos ¢ (16)
ﬁy = «yRy ¢ x sin A) sin ¢ - } cos ) - z sin A) cos ¢ (18)
Ry = = X cos ¢ - z sin ¢. ' (19)

In matrix form the velocity components in the ECI coordinate systea aras:

kx] «-cos AX sin ¢ -sin 4AX cos A) cos ¢ x Ry
ﬁy {- cin 4X sin ¢ =Cos AA «sin 42 cos ¢ yil+w =Ry (20)
. ﬁ;J -cos ¢ 0 -sin ¢ ] Lo 4,

Component accelerations

The component accelerations are found by taking the first derivatives
of the component velocities and are 7ound in the following manner,

Differentiating squation (15) with respect to time and collecting terus
yields

Ry = w2 x cos 8A sin ¢ + w? y sin &% - w? z cos A cos ¢
-w?2 ‘R cos 8A cOs @ + 2w X sin AA sin ¢.- 2w Yy cos AA
- 2w z sin 8A cos ¢ - X cos Ax sin ¢ - ¥ sin AA + T cos AX cos
or
By = w?[x cos 8X sin ¢ + y sin A\ - z cos 8A cos ¢ = R cos 8 cos 6]
+ 29[x sin AXx sin ¢ - y cos Ak - z sin AX cos ¢] (21)

- X cos AA sin ¢ - ¥ sin A + ¥ cos AX cos 4.
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Using equations (11) and (18) we see that
Zuﬁy ¢ wlRy = w2[x cos AX sin ¢ ¢+ y sin AL - z cos AA cos ¢
- B cos A\ cos @] + 2u[x sin A) sin ¢ - )'r cos Al

- 1 sin A) cos 4], | ; (22)

Making this substitution in equation (21) yields

= - % cos AA sin ¢ - ¥ sin Ax + T cos AA cos ¢ + 2uRy + W2Ry, (23)
o= y o

In a like manner R, and R; becoms
.liy » X sin ) sin ¢ - ¥ cos AA - % sin A cos ¢ - 2uRy + w?Ry (24)

Ry« - % cos ¢ - % sin g, ' o . (25)

In matrix form the acceleration components in the ECI coordinate system become

- pree : - - - ‘ - .
\tj -cos AX sin -sin AA  cos AA cos ¢ X ’2&, o Ry | }

'iy = | sin A) sip ¢ -cos AA -sin AX cos ¢ Vico -2ﬁx‘”¢ ‘wRy (26)
Ez -Ccos ¢ 0 -sin ¢ | ¥ 0

. J L. ~te
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DERIVATIVE DATA AND WEATHER

Introduction

This program determines ground range, slant range, and height of the
rissile above mean sea level from trajectory data components, True air
syeed, indicated air speed, mach number, dynamic pressure, drag accelera-
tion, drag force, and drag coefficient are computed frcm atmospheric data
and trajectory data, Height above sea level as a function of density and
of pressure may be computed irnstead of ground range and slant range.

Air weather information is obtained from a WSMR air weather site and

1 from a WSMR model atmosphere table, If the missile exceeds the altitude of
the observed air weather data, then a model upper atmosphere table is used
for the higher altitudes. Atmosph.ric data such as temperature (T), pressure:
(P), retative humidity (f), wind speed (Vy) and direction from which the wind
is coming (8) are interpolated to the height of the missile.

by

Telemetry data may be used if available; otherwise vacuum thrust (Fy)
ﬁ and weight of fuel (Wf) will be set to zero for the entire trajectory.

Any aveilable trajectory data in standard DRD format may be used,

The equations derived assumé that all quantities are expressed in a
consistent system of units (either the English or Mstric system for
position units, usually the Metric system for meteorological relationships).
In computing it is necessary to include conversion factors so that the
results will appear in the desired units.

Mathematical Derivations:

Siant Range (R.) and Ground Range (Rg):

Slant range is defined as the distance from a given position of the
missile to the origin, Ground range is the projection of the slant range
onto the XY plane.

Let X, Y, Z be the position coordinates of the missile, Then
RS = (xZ + Y2 o 22)&

Rg = (X2 + Y2)&
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Height above Mean Sea Level (H): (See Figprc 1)

H = Height above Mean Sea Level (MSL)
H, = Height of origin above MSL
Ry = Radius of the earth
Rp = Distance from the center of the carth to the missile
To find the height of the missile above MSL it is necassary first

to compute the distance from the center of tha esrth to the missile, and
from this, to subtract the radius of ths earth.

Ry = [X2 + Y2 & (Ry ¢ Hy + z)Z]i

H = Ry - Ry

True Air Speed (TAS):

Vx, Vy, V; = Velocity components of missile st desired szltitude
Wy, Yy, ¥y = Velocity components of wind at desired altitude
Vw = Wind speed at desired altitude
6 = Direction from which wind is coming at desired altitude
{M) = Rotational matrix (defined in Rotation and Translation Ssction).
True air speed is defined as the grouad speed of the missile corrected
for wind velocity. The components of the wind velocity are cbtained using
the wind speed and wind dirsction from the air waather data at the desired
altitude and the rotational matrix [M]. Since the wind speed from sir
weather data is given in knots, it must bs converted to the (position urics/
sec) system used for the missile velocity before computation,

Wy ¥y cos 6 ]

My | o= M |V, stne
W 0
F L * t J

TAS = [k - W2+ (Y - W)E e (Vg - W 2R
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tial Acceleration (A7):

Ay, Ay, Az = Acceleration components of missiie at desired altituds

Tangential acceleration 1s the missiic acceleration corrected for
wind velocity and true air speed.

AT'

1
TAS

[Ax(Vx = Wx) + Ay(Vy - Wy) + Az(V; - Wj)]

Density of Air (g):

P = Total air pressure at desired altitude (mb)

Pp
D
o'
f)p
R

Rﬁ

m'

Pressure of dry air at desired altitude (mb)

Density ef dry air at desired altitude (gm/m3)

Density of water vapor at desired altitude (gm/m3)

Partial pressure of water vapor

gas constants for dry air and water vapor respectively

universal gas consta;t

Absolute temperature (°K) of dry air anc water vapor respectively
Molecular weight of dry air and water vapor respectively (gm/mol)

Relative humidity (percent)

Saturation vapor pressure at the temperature of the air in
question

Molar specific heat oi{ z substance

intezrnal molar specific heat due to rotations and vibrations
Latent heat of vapori-aticn

A chemica. constant of integration

Entropy of the substance
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Dry air is assumed to obey the perfect gas law, which states the
relationship between density, pressure, and temperature, However, the
atmosphere is composed of a mixture of dry air and water vapor, each of
which occupies the space independently, The density of the mixture is
the sum of the density of the dry air and the density of the water vapor,

The ideal gas law gives the density of dry air as

P
DD-.—-D-

RT
or since Pp = P - ep,

?-Bp
DD- R-r

The density of water vapor is given by

. I
e R' T'

Since the universal gas consStant, R*, = mR = m'R', then R' --E%-

n' e
md ot e

The desirsd total demsity, p = pp ¢+ p', is given by

p - ep m' ep
p = + N
RT m RT!

or, since in a mixture of dry air and water vapor, T = T',

1 n'
p‘ RT p—ep* m ep
1 mt
"R "*°P<m )]
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In this form of the equation all quantities are either kpown constarnts
(R, m, and m') or weather data observations (P, Y), with the exception of
the partial pressure of water vapor, ep. This, kowever, can bs Jerivea From

the relat’'ve humidity observation (f) and the sataration vapor pressure (eg).
By the definition of relative humidity,

[
f‘ Ay p—

€s

Therefore, ep = f eg

The general equation for the vapor pressure of a substance, assuming
{ that the vapor obeys the ideal gas law, is obtained by integration of the
Clausius-Clapeyron equation:

T .7 (C. - C;3) dT
X S i i .
In g = - —R%— + =~ In (1) - I 2 5727 dTi+ i

(o]

A special case of this general equation is the Kirchhoff formula, in
which the integration is taken between temperature limits sufficiently close
for the specific heats to be regarded as constant. This gives the equation

B
# In eg = A e il ClinT.

Subetituting numerical values for the constants and measuring the temperature
ia °K, the value of és in certibars is found from:

~6763,61
in e ™ 4(5}——1r———~ - 4,9283 In (T) + 51.92%})

The total density equation can then be writtsn:

1 {
p = —ér—[P + f(mm - DO\GXP) ]gis/m3

-6763.,61 .
where (exp) = {——F— - 4.9283 in (T) + 51.9274
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Indicated Air Speed (IAS):

Using the values computed for true air speed and total density at the
altitude in question, indicated air speed is found from:

4
IAS = TAS (~E—
Po

where p, is the standard density of air at sea level,

Mach Number (M):

Vs = Velocity of sonnd

c
Y = patic of specific heats (:;p:>
v

cp = specific heat of dry air at constant pressure

cy = specific heat of dry air at constant volume
R* = Universal gas constant
T = Temperature (°K)

m = molecular weight of dry air

Mach aumbar is defined as the ratio of the speed of an object to the
speed of sound in the undisturbed medium in which the object is traveling.

The velocity of sound in dry air at the observed temperaturs T is
given by:

cm/fsec = 65,795 V' T ft/sec

Then, mach number is computed from

TAS TAS ~ » ,0151987(TAS) ('f)'é
v, 65.795 /T :

M
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Dynamic Pressure (qj:

Dynamic pressure is the pressure, created by atmospheric pressure and
fluid friction, acting on the shell of the miszile in flight, Dynamic

pressuce is computed from Bernoulli's equation of motion for an incompressible
fluid, that is,

i
q==7"0 (TAS)?

hav

Drag (D), Drag Cosffizisnt {Cp), and Drag Accelerstiss {An}:

? » atmospharic thrust = (Fy - f4 P)
Py = vacuum thrust
fq = &ren of the sxit nozzle
P = pressurs
W = instentansous mass = (W, ¢+ Wp)
W, = weight of the missile without fue!
Hp = woight of the fusl
g = gravitationai scceieration
8 " gravitational acceleraticn at ssa lovel, White Sands latitude
Bp < pitch path angle
s » nissile's geometrical cross section area

Drag is a function ¢f thrust (F), instantanecus mass of the missile
(W), and drag acceleration (Ap). Drag acceleration depends upon the

tangential acceleration (A7), the pitch path angle (6p), and the gravita-
tione! mcceieration (g) at the latitude (¢) and altitude (H).

The gravitational acceieration observed on the earth consists of the
ectual attraction by the earth diminished by the effect of the centrifugel
sccoleration ceused by the sarth's rotaticn., 8ince this rotation causes
pointe near the equator to move faster than those at higher latitudas, the
centrifugal force decresses as iatitude incresses. Consequently, ths totsl
gravitatione! scceleration increases with increasing latitude, 1In addition,
the gravitational foree st any altitude is inverasly proportional to ths
square of tho distance from the center of the earth,

(93]
™o
t
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The gravitational acceleration at latitude ¢ and altitude H (in cm) can
be expressed by llelmert's equation:

g = (980.616 - 2.5928 cos 26 + .0069 cosZ 2¢ - 3.086 x 10~% H) cm/sec?
The gravitational acceleration at sea level (Hx0) and White Sands
latitude (4) can then be computed as:

8o ® (380.616 - 2.5928 cos 2¢ + .0069 cos? 2¢) cm/sec?

Because of the inverse square relationship between gravitationa:

acceleration and distance from the center of the earth, the following
ratio exists:

%0 Rp?

g * %o é%%g;

Urag acceleration may easily be computed then, from

or

Ap = AT + g sin 6

. . Vp - W,
or, since sin 6, =

P TAS :

1
Ao s [}x(vx - He) + AplVy - W)+ AV, - W) v g(V, - ”z{}

Drag force (D) is computed from:

b=C3F-WAp

whore C3y is a multiplier used to correct vacuum thrust for loss of thrust
due to jet vanes,

and FsF,~fgP

W =W, + W
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Finally, the drag coefficient (Cp) , a nondimensional quantity, is
computed from:

D
Cp -'-—qs -

Height above MSL as a function of Pressure (Hp)

a = lapse rate = rate ¢ change of temperature with altitude

H = height above MSL or geopotential height
Z = altitude

G = dimensicnal constant

g = gravitational acceleration
Ty = Staadara temperature at sea level
P, = Standard pressure at sea level

T* a Temperature defining' the Tropopause and constant temperature
of the stratosphere

P* = Prossure at tropopause

H* = Height of tropopause

The earth's atmosphere consists of the troposphers, tropopsuse and
stratosphere. The troposphere is that part of the atmosphere ian which
temperature generally decreases with altitude, clouds form, and convection
occurs, It occupies the space above the sarth's surface up to the tropopause,

The tropopsuse is definad as the discontinuity surface separating the
stratosphere from the troposphere, It variss in height from about 55,000
fest av the oquator to 25,000 feet at thw polss.

The stratosphere is that portion of the earth's atmosphsro above the
tropopause. This air is free from all weathor phenomena, prsctically
without moisture, and in genoral, an isothermai structurs.

The method of computing height abovs MSL as a function of pressure
Jiffers for the troposphere and stratogpners,
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(A) In the Troposphere

The relationship betw:en height and pressure in the troposphere is
dependent upon three fundamental relationships: the ideal gas law, the
lapse rate or change of temperature with aititude, and the hydrostatic
equation relating pressure, density, gravitational force and altitude,

Because of the changing gravitational force with altitude, the hydro-
static equation can be stated in terms of geopotential height rather than
simply geomstric height, Geopotentia. height is the height of a given
point in the atmosphere in units proportional to the potential enurgy of
unit mass at this height, relative to sea level, This relationship
between geopotential and geometric hgight is given by G dH «~ g dzZ,

From this, the hydrostatic equation
dP = - p g dZ
!

can be written

dP = - p G dH. (1)

The lapse rate, or change of tempers*ire with change of height in the
dT

troposphere, is defined as a = - —g— . The temperature at the height h
is given by T = T, - ai.
Finally, the ideal gas law, p = —%;— , can be written as

P = pRT = pR(T, - aH). (2)

From equations (1) and (2) we can form the ratic

dp_ -pG dH L =G (dn)
P PR (1, - all) R (T - af)

-dT
or, since di = . ,

@ G (dT) . G d (Ty - al) )
P ar {1, - ali) aR (Ty - aH)
325




Equation (3) integrated between the limits of 0 and H bscomes

[“_gg_a [“ G_ _d (To - aH)

aR (T, - 8H)
0

p 6 . ((To - a)
n Po = aR an ‘TO / (4)
If’-ii—-is set equal to n, equation (4) yields

SRSl

Height as a function of pressure, Hp, is found by solving equation
(5) for H = Hp.

1/n (6)
et 1 " )
o/ .

(B) In the Stratosphere

The tropopause is by definition at the hsight H® such that the
temperature T* = (To - al) is a constant, 216.66°K. The temperature in

the stratosphare is assumed to remain constant at TeT®,

Thus, in the stratosphere, equation {3) becomes

- (@ ”
F Integrating this between the limits H* and H yislds

n<> s S - He {8)
P RT=

4 Using common logarithms, equation (8) becomes

N

{pe .
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G 10810 -]
RT*

logloe{e—) = B (H - H*) (10)

The known value of H?* can be substituted in equation (5) to find che
pressure at the tropopause:

Letting = B,

pe ﬁg’aﬂ'\n
Po T\_ T /

o J

or
pe To - aH* T*
lo -} = n lo (, =n lo 11
E10 6’;’) UL ) 810 (Tc.) (11)
Equations {10) and (11) can be combined and solved for H = Hp.
pe p* T*
log —1 - log ~———) = n log —-—{) ~ B(H - H*)
0 (55 - tomg (B 10my (&
log ’ = n log L T BH + BH*
10 \p 10 \ 1
0 o
HoeHy o 2 10810 ..I.'... - -‘1-10810 P
B To 5 Pﬁ
Thus, in the stratosphere, haight as a function of pressure is found
from

. 1 T P
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Height sbove MSL as a function of density (Hp):

(A) In the Troposphere:

Differentiation of thoe ideal gas lawv, p =

dp BdT 1 PdT
= - ] dpP -
do RT RT? RT ( T )

and the ratio

P
T visldsy

-8

In the previous sectiun (height as a function of pressure in the
troposphere) equation (3) gave the expression for

Substituting this, we find

dp _ G dr 4T

0 aR T T
WA dT
\GF 1) 7= (1) =~

Since in the troposphere T = T, - aH

dp - (n-l) d (TQ - Rﬂl

p (To - BH)

Integrating over the limits 0 to M

p o (n. To - all
0 _ [To - aH n-1
Py To

or
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Solving for H = H; yields:

T [- . n-n"t
JTo by foB.]
Ho = =5 | ! (ﬂJ

{(B) In the Stratosphera

Since the stratosphere iz assumed to have & constant temperatuge
T+, the ideal gas law becowss

P
R

The standard density of air at ses level (zero altitude), p,, msy
be expressed as

Po

P ¥ TRT,

p
Taking the common logarithm of the ratic
relationship: 70

yieslds the

) Ty P

e ® TP,

101;m %}- 1oglo G—% + logw (65;-;9

By substituting in this equs ‘ion the expression found previocusly
. P B T*‘) _
(Hp in the stratosphere) for logj, {p:;) = L n logm 6;—-0) - B(H ~:l')]

we find:

T T+
Iogm 6}%’) = log;, %99 +n loglo @ -~ B(H -~ H®)
«
log ) u (n-1) logyn () - BEH - He)
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The term {n-1) logm@ is a constant, equal to
/

ot 0.52713
log;o () = -0.527139.

Substituting this and solving for H = Hp yields the final equation
for height as a function of density in the stratosphere:

p . pe.Y .
logyg p°> = 10830 (_p——() - BH + Bh*
1 p* 1
H. = 4 —— / o — o
o = H* + 3 logm \po) 8 108;5 6()—)
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TABLE OF CONSTANTS

Radius of the earth

Dry air gas coanstant

diolecular weight of dry air
Molecular weight of water vapor
Ratio of specific hsats

Gravitational acceleration at sea
level, White Sands iatitude

Lapse rate

Dimensional constant

Standard temperature at sea level
Standard pressure at sea level
Standaxd density at sea ieve:
Tempersture at Tropope ise
Pressurs at Tropopause
Density at Tropopauss

Height of Tropopause at White
Sands latitude

G
Constant =
ak
G lo e
Constant = _____EAQ___
RT*

Pi

pe

H*

31
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20,897,038.09 fx

2.8704 x 108 cm?/sec?(°K)
28.965 gm/mol

18,016 gm/mol

1.46i12 (dimensioniess)

32,158 ft/sec? = 979,569 cm/sec?

.0065 °C/m
32,1405 {t/sace
288.16°K
1013,25 wb
1225,06 gwm/m3
216.66°K

226,32 wb

363.92 gn/m3

11,000 m = 36,089.227 ft

5.2561 (dimensionlass)

0,2087367 x 10™%/ft




Computational Steps:

From position data at the jth time (Xj, Yj, Zj):

Ground range Rgy = (X3 « Yg)& pos. units (1)
Slant range st = (x} + Y§ + zg)é- ' pos., units (2)
Height above 5L .
K 4
RDj = [x§ + Y§ + (ic:—-g—- . z)z} pos, units (3)
Ro
Hy = Rp, - Cy pos. units (4)

wheve C; is a multiplier to convert position dsta to feet,

Interpolate the atmospheric data (Temperature, pressure, relative
humidity, wind velocity and wind direction) to Hy.

Irterpolate telomet~y data (vacuum thrust and weight of fuel) to
the time of the position data,

The linear interpolation program used is as described in the
"Methematical Miscellaneous Section” of this report,

Gravitational scceleration

R 2
gy = 32,138 <EEI-§53£> feet/soc? (5)

Density
548,38 [ »y -0.0378 £, ol®¥Py) 1
a
° L Ty + 273,16 grans/w
. -6763,61 .
wheve (oxpj; = Tj . 273.16 - 4,9283 ln(Tj + 275.16) ¢ 51,8274 (6)
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Wind Velocity components

— wxj | -~:24§§§2§§2* Vj cos 8y ]
My; = (M] —:Lé-g—f"%}?“ V; sin 8; pos. units/sec. (7)
L wzj - — ’ -
p where -1.6889639-13 the conversion factor frem inots to feet per second.
; { True Air speed
£

TASj = [(ij - ij)z + (V\(j - ij)Z +(sz - WZj)z ] pos, units/sec, (8)

Indicated Air speed

%
IASj " (TAS)j £ :) pos. unitsssec. (9)
1225.00

Mach Number

{ - &

- Mj = {0,0151987) (Cl) (TAS)j [Tj + 273,16} dimensionless (10)

Dynamic Pressure

L q; = (9.701661) [C) (TAS);]2 (o ;) 1077 1bs/ft2 (11)

Tangential Acceleration

Axj (VX3 - Wxj) + Avj(Vyj - Wyj) + Azj(Yzi - ¥#zj)
(TAS) 4

ATj s (12)

4 pos. units/sec? or G's
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drag Acceleration

Cq WVZy - Wgi)
j (TAS)J

pos units/sec? or G's

Apj = Aq

If Aty is in (units/sec?), C4 = _%%~

Atmospheric thrust

Fj = 0, if no telemetry data available

Fj = C3 Fy - (2.088576) £, Pj (1bs)

where {3 is a multiplier to correct vacuum thrust for loss of

thrust due to jet vanes, and 2.088576¢ is a conversion facter from

millibars to lbs/ft2,

Ap;
Drag Dj = F5 - (Wo + WEj) -Egl_ (ibs)

32,174
£

If ATj is in G's, Cg ®
If Ar; is in (units/sec?), Cg = —
Drag toerficient

D.
Cn. = -—71~— dimensionless
Dj qj s
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Height above MSL as a function of Pressure

In Troposphere:

To l/n
Hpj = \Po

or P.
Hp, = 145,446.67 [1 - ¢0-190255132 In 6?:‘)] pos, units (17a)
In Stratosphere
llpj = fi* 4 -7;-. [n logy, G—-—:—)] - -;—- logm G—i—)
or

P
Hpj *~ 4,901.8987 - 20,805.8517 In (E;1£> pPos. units (17b)
0

)

Height sbove MSL as a function of Density

In Troposphere:

lo 1/(n-1)
Hy, = _..9.. (_L>
or

[+
Hps = 145,446,67 [1 - o0+234956885 n e-po)] PO, urits (l8a)

In Stratosphers:

~,

p
Ho; = 10,834.92%4 ~ 20,805.3517 In (7;5 Pos, units {18b)

or
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DATA £DITING ROUFIRE

Introduction

Th.e purpose of this routine 1s to find and eliminate gross eryrors (tlunders)
from a set of equally-spaced data poiats and, where sufficient “good" points
are available about a rejected point, tc compute a "replacement" point Zor that
data sampie,

The test is based on the assumption that there is nn significant change
in the variance of the dats over a group of N consectitive points {Tj, Xi).
Two sets of fourth cifferences =quared are computed, aCy using consecutive
points and AEj using every other point, The variance o each ser is computed
and the individual differences tested for significant s.riations, using the
Sncdecor F-test, Differences which are greater thsn the. acceptable limit are
set equal to zero, The data points themselves are then accepted &s ''goed” or
rejected as "bad" depending upon the number and positione of zeros in the
difference sets, A rejected point is replaced by solving for the midpoint of
a 2nd degree curve fitted to the data about the rejectsd point,

Theory

The sets of fourth differences squared are computed from the 7cilowing:
ACy = (X{ - 4Xj.] + 6Xg_j - 4Xgx + Xy )?
BEg = (Xy --4Xj_p + 6Xjq - dXg.g + Xi.3)°

If the data includes a blunder error (E) at point i, it wiil sppear as
(NOISE + E)2 in the AC's at i and i+4, as approximatsly 18E? at i+i and 1+3,
and as aspproximately 36E? at i+2, In the AE's the errer will appear as
(NOISE + E)2 at { and i+8, as approxim.teiy 16EZ at 1+2 and i+6, and as
approximautely 36E2 at i+4. Therefore if the AC's at points i+}, 1+2, and
i+3 and the AE's at i+2, 1¢4 and i+6 ar» all greater than the critical level
determined from the variance of tie diffsrsnces and the tables of Snedecor
F-test values, it is probable that the data ,..at X§ contains a gross error.

The variange of the AC's (06) and the variance of the AE's (aé) are
computed from:

<

N N

I o L g
o = i=5 and oé s _j=
c N-4 N-

where (N-4) and {¥-8) are the respective degrees of freedonm.
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A, Testing AC's and AE's

The individual AC's teo be rejected are found using the Snedscor F-test.
The value cf F 13 selected whose degrees of freedom for the numerator equals
one, and whose degrees of freedom for the dsnominator equals (N-4), the number

cf aC*'s. Then say ACi 2 aé (FL.DF) should be rzjected. F is computed using s
5% confidence level,

"f one or more AC's are rejected they are replaced with zeroes, and the
degraes of frecdom decreased by one for each j5C rejected. Then & ncw variance,

2 .
oc,is computed, s new value of F selectsd, and tne test repeated until no
additional AC's are rejected.

Tha 3E's are tosted and rejected in 2 similar manuer,

If tha varlance of the data (without the blunder error points) is desirad
it is easily computed from the variate difference procedurs since

] '(xz)z x(A§)2 . (kD2
X7 T@E TR (231

~2
Ve
A

vhere K is the order of diffsrence taken.

Using fourth differences this becomes

2
PSR C1) LS S v
X 2%t € 70

B, Tostiny .~& Data Points Xj

In teriing the data points from i=l to N it is necessary to assume that the
AC's exist and have not been rojected for i=1 thru i=4 and isNel thru i+N+4, and
also that the AE’s exist and have not been rejected for the points i=3 thru i=8
and i=N+l thru ieN+6, This forces the test to accept the first three and the las
three points as Going good data points,

If an error c¢xists at point i we could expect the AC's at points i, i#l, i+2,
i+3, and i+4 to bs rejected, and also the 8E's at i, i+, 1+4, i+6, and i+8 to be
rejected., If the orror is small the AC's at i and i+4 and the AE's at i and i+8
pay not bs rejected.

Therefore if all 6 values (ACj.1, 8Cy.p, 8Ci43, 3B{s2, AEj+q, OEj,q) have
beor rejected, there is probably an error at point i, If none of these, or only
some, have been rejected, then the point Xi is accepted as & gnod data point.

Since two consecutive errors at points i-2 and i-1 or at points i+] and i+2
could zl::c cause these six A's to be rejected, it is necessary to test further.
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If the point i+1 or i-1 were in error both 8Ej,3 and 8Ej,5 would bs

But if either of these has not been rejected, we assume tha: the
error detected is at data point i, !

rejected,

If both AE's have heen rejectad, we test AC{ and ACj.4. If these have

both been rejected, data point i is assumed to be in error. If eithsr or both
has been accepted than data point i is accepted as z good point, and we go on
to testing for errors at point i+],

This logic is more clearly explained by the following diagram:

TESTING PCIRT 3

~—&Fr v g T e “"‘“‘“ET

Compute SUM 1

SUM 1 =.8Cj4) ¢ 8Cjap + ACj oy ¢ BBjup ¢ 8Ej4g ¢ ABj46

. No Yes [Compute SUM 2
Accept X as Gos SUM 1 = OPr—lSUM 2 =
gowd data “j My, + AEy,s

lReject Xy as o ’////' Yas {Compute SUM 3

N
=% -~ ar » 3 ©»
bad data’ oces SUM 2 =07 SUM 3

“Ci + 3Ci*4
--—1—-——--..) .

No Yes

Accept Xi as

§ ——J good data

!i- SUM 3 =07

Test Point | _ Reject X; as | o
] bad data

i+
~__/

S ———
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If the point i+l or i-l1 were in ¢rror both 4E4,3 and 8Ej.g would be
rejected, But if either of these has not been rejected, we assume that the
error detected is at data point i, !

If both AE's have bsen rejected, we test ACj and ACj,4. If these have
both been rejected, data pcint i is assuned to be in orror. If either or both
has been accepted then data point i is accepted as a good point, and we go on
to testing for errors at point i+¢l,

This logic is more clearly explained by the following diagram:

TESTING POINT i

Compute 3iM 1
SUM 1 = 8C44) ¢ ACjep * £Cy, 5 + ABj,ep ¢ AE 4 + ABj.¢

L

Accept Xj
good data

Compute SUM 2
SUM 2 =

AEj,3 ¢ ABj,5

Compute SUM 3

Reject X
sject Xi as SUM 3 =

bad data 8C{ + 4Cieq
. Accept Xj as
good dats
E . ».{ Test Point Reject Xy as | 2
i} bad data :
-3
343
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The above tests will work in most cases, However, as will nappern in .o~
editing procedure, situations can arise where good points will be indicate:n a-
being in error and points with errors only slightly larger than the noise :~zy
go undetected, The test will also work through points of discontinuity since
the event itself will ususlly produce only one or two A's that will be rejerted.
To avoid deleting good points a further check is made, From the surrounding
data a replacement point, Xej, is computed. If (Xsy - ¥i)2 < (FI,DF)°§ then X;

wiil be retained, F is computed using a 9¢% confidence level.

C. Replacement of Bad Points

The puint in error is replaced ty soiving for the midpoint of a 2and depree
curve fitted to the data about the point in err.: A maximum of 3 points before
and 3 points after the point to be repliced are used in a weighted least squares
procedure,

The data points are assigned weights, I the data point at i is accepted as
good the weight is set equal to one, If the data point at i is in exrror the
weight is set equal to zero., Any data point whose weight is equal to zero is
replaced if there are sufficient data befors and after the poinz.

Let the data point to be replaced be at point i, Then therg are sufficient
data %o replace the point iv

t=i+3 t=i-1 tmies
J We23and § We2land | W21
twi-3 t=i-3 . teiel

The replacement point Xsy is computed from the following equations, All
summations are from t=i-3 to te=i+3,

A(S6) - B(S7) + C(S8)
A(S1) - B(S2) + C(S3;

XSi. =

where
A = (S3)(S5) - (S4)(S4)
B = (52)(S85) -~ (53)(54)
C = (82)(S4) - (S3)(S3)
and
Sl = Ewt
S2 = IWe (t-1)
§3 = LWy (t-i)?

S4 = W, (t-i)3

S5

[
[
=X

¢ (T-i)"
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S$7 = LXg We (t-1i)

S8 = [X¢ Wy (t-1)2

Progedure

In this application there aro usually M coasscutive sets of N dataz points,
Although the eiditing routine sssumes sutomaiically that the 3 points &t the
beginning and end of each set are good data points, by overlapping the testing
of adjoining sets tho number of data polints mcrepted without testing is minimized,

In oditing the first set we use the first (N+2) points and computes AC's and
AE's thru isN+9, This allow3 us to compute the W;'s thru isN+3 and replecc if
necessary data points thru isN,

To edit each succesding set we must have zvaliable from the previous ssot
the last 12 data points from i=N-2 te isN+9, the last ¢ Wi from 1«N-2 o ji=N+3,
and tha last 9 AC's and 4E's from isN+1 to 1=N+9,

L.

2.

Lat N=50

Compute AC's and sE's,

8C; = (X3 - 4Xg.y + 6Xy h - 4Xq 3 + X3 4)2, 1=5 to N+9
AEi = (Xj - 4Xg_5 ¢+ GXj_4 - 4Xi_g + X4.8)%, 1=9 to Neg
Set ACy, AEg, AEp, and 4Eg = .0000001

I1{ any computed A=0, sat A~,00060001

Compute degrees of freedom:

DFC = (N+9)-4 = Ne5

DFE = (N+9)-8 = N+l

Compute variances

N+9
2 1 acy
9¢ * is5
DFC
N}Q
AE;
of = i=g
DFg

345




7.

8,

9.

Compute value of F for F test (95%)

11.73

Fe = 3.799 +
¢ DFC

11,73

Fp = 3.799 +
DFg

Compute critical vaiues
2
CVC = oC (Pc)

CVg = “é (Fg)

TEST: I€ AC§ 2 CVp, set ACj = 0, i=5 to N9,
If AEj 2 CVg, set AEj = 0, i=9 to N9,

If any AC's were sot equal to zero in test (8), decrosse the degrees of

freedoam by the number of A's set equal to zero, recompute oé. Fcs CVe, and repeat

test @ .

If any AE's were set equal’'to zerc in test GD, decrease the degrees of

freedom by the number of A's set equal to zero, recompute aé, Fg, CVE, and repeat

test (®).

10,

11,

Repeat step (:) until no wore A's are set equal to zero,

Compute vavignce of data and its criticel valuse

L
[+ N

2.k N AR A

X" 70 X® 70 DFc /

Test data points Xj, isé te N+3 (see diagram)

SUM 1(1) = ACj.) + 8Ce2 » 8Cqe3 + ABy 9 ¢ 4By 4 + 2E; ¢
If SUM 1(i) # 0, set ¥y =~ 1 and go to {i+l)

If SUM 1(i} = 0, compute:

SUM 2(1) » ABj.5 + 8By,

TR
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If SUM 2(i) # 0, set W; = 0 and go to (i+l)
If SUM 2(i) = 0, compute:

ulr\ﬁ

SUM 3(1) = ACy + ACi.q

If SUM 3(i) # 0, set Wy = 1
If SUM 3(1) = 0, set W; = 0

On first set of N points set H{ = 1 for i=l, 2,

Go to (i+1).

12, Replace bag points Xj, i=4 to N

1f Wi = 1, Xi = Xi

1f Wy = 0, compute new X; as follows:

SIA = (Wj 3+ Wi.p + Wy y)

S1B = (i\'li,l + Wi.z.* Wi+3)

TEST: Is (S1A 2 1) and (S1B 3 1) and (S1A ¢ S1B ¢ 3)?

If NO, then X; can not be repliacsd,

If YES, let S1 = (S14 + S1B) and continue:
t=ie3

S2 = ] W (t-i)
t=i-3

tmie3
S3 = § We (t-1)2
tei-3

tni+3
S4 = ; We (t-1)3
tef-3

twis+d
S§ = % Wt (t-i)4
tei-3

meMmmM%““’
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t=i+3
S6 = ] X¢ W
tei-3

t=i+3
S7 = ] Xy W (t-i)
tei-3.

t=i+$
$8 8 ] X W (t-1)2
tele3

A = (S3)(S5) - (S4)(54)

B » (82)(85)

(83){54)
C = (52)(54).

(83) (S3)

_A(S6) - B(S7) + C(S8)
Then Xsy * S0 —B(33) + 055

If (Xg; - X3)2 2 CVy, Replace Xj with Xy

13, To edit each succeeding set we must have available from the previous
got:

the last 12 X;'s from isN-2 to isN+d
the last 6 Hy's from i=N-2 to i=N+3

the last 9 AC’s and AE's froa isNel to i=N+9

14, If the last set of points does not have 50 points, snough points from
the (M-l)th set ars included to make the proper number.
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APPENDIX I, F-test for Data Editing

F-tests for the data editing routine are approximate F's found by linear
interpolation for values of F in the interval of 10 to 40 degrees of freedom
for both a 95% confidence level and 2 99% confidence level,

For 95%:

F}'O = 4'96

F.0 = 4.08

ny 10
1 = 4,96 ¢« {4.08 - 4.90)
DF .96 A itk 9 2

/
= 4,96 + _£;;§§l.~ 1 ._L€>

35,20 {1 1
v 4,96 ¢ w235 .
3 DF 10/

0 4.96 + ..35?1'1. - 1817

= 30 79 <+ ""'1"'1”:_73"'

bDF
Por 99%:
Flo L d 19904
F40 - 7;31
- )
Fpp » 10,04 + (7,34 - 10,04) : -
Gt - o)
22,73 \
. 1004 ¢ AZ2TE [DJP __1y

4

» 10,00« 22050

- 5.40 « 2D
oF

%
M

i wt
i s M

]
=

3

PN

R
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INTERPOLATION

A general purpose interpolation program is available for linear
interpolation of any data in DRD standard format. The program does not
extrapolate and, if any breaks in the input times occur, will not iniar-
polate in these breaks. (Ths time interval which defines a break in the -
input times is specified by the user in the load card information). The
first output time specified must be equal to or greatsr than the start
time of the input, and the output rate of time, a constsnt At, must be
specified, This output rate may be squal to, greatsr or less than the
input data rate.
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G. MISCELLANEOUS

III variate-Differences
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YARIATE DIFFEREN(ZS

Introduction

The variate djfference technique is a methcd of estimating the
variance of the random element in a time-series by use of successive
differences, It assumes that the non-random compo.dent of the series
can be represented by a polynomial. Then the successive differencing
of the series wili gradually eliminate this polynomial conient, but
will not eliminate the random component, After the¢ polynomiai component
becomes negligible, the variance of the random element remaining is
estimated from the differenced data,

Mathematical Discussion

Let the time-series X(t) whose variance is to te estimated consist
of N values of {tj, Xj}, i=1, 2, ++« , N, If it is assumed that X(t)
can be approximated by a jth degree polynumiai
Y(t) = ag+ ajt + a3 t2 + oic & aj t)

then the variance of the data (oi) can be estimated from the variance
of the residuals (oz), where

s = [X(1) - Y()],
If ¥(t) is a (j-l)th degree polynomial passing through the j points
Ke-1y X2, *°*, Xt-j. it may be expressed as

Yt#i ® e, ¢ ali + aziz e ose & R(j-l) i(j-l).

This polynemial, evaluated at point Xt, bscomes simply Y¢ = a5,
It can be shown that the difference
be = Xy - Y¢
is given by the jth variate difference at point t.

Ths variance of these residuals can be found from

S =
% " w5 L, G- B2
i=

where 8 is the average of the residuals.
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If the (j-l)th polynomial i3 the Z:-t-fitting curve for the given

data, & will approach zero and the de;v#3s of freedom (N-j-1) will ve
increased by one.

Then:

of = '1('*‘ 2 LY,

i=]

Since the 4's are functions of the X's, tns relationship between
0% and o can be expressed as

1 ixt 7y, \2
. - 1 ) %,
i=t-j 1

3 2 2 2
or, since oxi = °x5 v g%

é and 2 2
%8¢ " Obgay T ok

then i=t yi .

For tie jth order of differences

25) 1

R

Thus of = o2

Hence, the variance of the data, G§, is found from

. £
o = o (”"ﬂ)
[+D N-j
(84)?
2 (jl)z i=}
o 1
1 X 12351 -
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Computer Program

The computer program will accept a maximum of 500 data points in ons
interval. Up to !0th varicte differences may be computed for 2 maximum of
10 data fields in any run.

112
Table 1 gives the values of —{%%%T_ for j=1 thru 10,

TsBLE 1
; Y j 5
1 1/2 6 1/924
2 1/6 7 173432
3 1/26 8 1/12,870
4 /70 9 1/48,620
5 1/252 i0 1/:84,756

“lumerical Examnle

Assume that the series {tj, X;} can best be¢ approximaved by a znd
degraa polynomial

Y(i) = ap + 81 t + ag t2,

The coefficients ag, aj, az cen he found by fitting the curve to the
points (-1, X-1), (-2, X.2; and (-3, ¥.31), using the »qustions:

X_.3 = ap - 3a; + 3a)
X.2 = 8, - %) + 4ay

X.] w8 - 8} * @3
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T..e coefficients are given by:
ag = 3] - 3X.2 + X3

a1 = (5X.1 - BX.y + 3X.z)/2

8y = (X.1 - 2X.2 + X.3)/2

The polynomial evaluated &t the point t=0 becomes

Y(t) = 3X.; - 3X.y + X 3

By comstructing a difference table it is easily seen that the third .
differences (since Y(t) is a 2nd degree curve) will be equal to '

B = (Xg = Ye) = (Xg = 3Xgop ¢ 3Xe_p - Xp_3)e -

DIFFERENCE TABLE (1)

Data 1lst Differences _2nd Differences 3rd Differences :
X -- -- -- |
X, i - Xy - --

X3 X3 - X X3 - 2Xp + X; --

X4 Xg - X3 Xg - 23 + 4y Xq - 3X3 + 3%y - X3
Xg Xg - X4 Yg - 2Xg + X3 Xg - 3Xg + 3X3 - Xy

. . . )
L] . . .

X, Xn - Xn-1 Xp ~ 2%y + Xpoz Xy - 3Xp) ¢ 3Xop - X3
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The data Xj, i=l to 12, are as given in the table below,

The sets of

1st, 2nd, 3rd, and 4th differonces have bsen computed and also entered in
the table,

i Xy 1st A's 2nd a's 3rd A's 4th A's
1 4 - - . .-
2 9 5 -- - -
3 - 19 10 5 - -
4: 28 9 ~1 -6 .-
5 42 14 K] 6 12
6 55 13 -1 -6 -12
7 69 14 1 2 +8
8 88 .19 5 4 2
9 106 18 -1 -6 -10

10 130 i 24 6 7 13

11 158 25 1 -S -12

|12 179 24 -1 -2 3

34132
end a varisnce estimate for the data, c§ e -%%&}T- az.

For each set of differences,

361
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compute a variance estimate for ths A's,




T~

’ o 2
2 ! 2
Differences o} -%%f}T- od
1 293,54 1/2 146.77
2 11.70 1/6 1.95
3 26,88 1/20 1.344
4 97,25 1/70 1.389

Since the variance estimate ob?zined from zhe set of thipd differences
* is the minimum, we conclude that ths date ic best descziled by & 2nd deyree
) polynomial, and that tho variance estimste of the randoa component of the

data is ¢ = 1,344,
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RADAR CROSS SECTION
Introduction

The radar cross-section (0) is the area intercepting that amount of
power which, when scattered isotropically, produces an echo equel to that
observed from the target, The radar cross-section of a target varies
with the aspect angle (except in the case where the target is a sphere)
and also with the frequency (wavelength) of the radar, Readar cross-section
is, in general, not & simple function of geometrical cross-section, and
hence must be determined empirically rather than by theoretical celculations.

Befinitions of Symbols

. o = Radar Cross-section
! .
oy % Radar cross-section of target (missile)

og = Radar cross-section of caiibration sphere

TR

Py = Power transmitted by the radar

Pp = Power received by the radar
Ppy = Power received from target at Range R
Ppg = Power reczived from sphers at Range Rg
Pés = Equivalent power received from sphere at targst Range Re
G = Gain of radar antenna
1 A = Waveleiigth of radar transmission
: R = Slant range from radar to target

Ap = Effective antenna capture area

B = Constant obtained from sphere calibration

Mathematical Discussion

The basic radar equation used in the cross-section rsduction can be
derived in the following way: Assume that the radar »ntenna is cmmidirect-
ional, that is, it transmits power aniformly in all directions, Then, the
power density {or power per unit area) at a distance R is equal to the
transmitted power divided by the surface area of a sphere of radius R:

Power density at R - Pt
(omnidireztional antenna) 4nR2
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3ince most radars employ directive antennas, the power density at any
distance R will vary from that of an omnidirectional antenna by a factor o,
called the "gain'" of the antenna in the direction in question, Thus:

Power density at R _ PTG
(directive antenna) 47R2

The total power incident upon the radar target at distance R equals
the product of power density and target cross-section area (7).

G)
wR2 ¢

PT
Power incident on target .(:;

This incident power is then re-radiated in all directions, The
re-radiated power density at the distance R {for example, re~radiated power
density back at the radar rsceiving antenna) equals the incident power at
the target divided by the surface area of a sphere of radius R,

o
Pr G g
Power density at receiving antenna _<:§:R2j> axR?

The signal strength received by the vadar antenna (Pp) is determined

by the power density at the antenna and the effective antenna capturs
area (AR). )

ne |G G |

Antenna theory provides the relationship between antenna gain and
offective antenna area:

G = 4::R whero A is the wavoelength of the radiation
or 2
Ag = GA
4%
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Thus, the power received by the radar is given by
PR = s G;) (2N GAZ;)
\anr2/ \anr2/ \ 4n
> Pr G2 )2 ¢
or =
R (4m)3 R*

(1)

This is one of the more common forms of the "radar equation”.*

Solving (1) for target cross-section (o), we find:

(47)3 RY PR
0 ]
3

Pp GZ a2
i

(2

Since for any given radar PT, G, and .} should be constant, equation
% (2) may be written:

g = K RY Py
3
wherg K= —t‘-:‘-l——-
Pr G2 a2

Because of the difficulties of measuring Pp, G, and A, & simple

method of determining K has been developed, by comparison of the target
data with data obtainad by tracking a sphete of known radius under
identical conditions,
(

3)

——
!

Thus, using the subscript t for target (missiis)and & fov the calibra-
tion sphere, we have:

s pit
Ot a K Rt PRt
Og

K Ry Ppg
- 4
Rs R
E

*The radar equation s&s darived above and 2s usad in the cross-section reduction
is bzsed upon the assumption of fres-space transmission of slectromagnetic
radiation, HNo attsmpt hzs been made as yet to introduce corrsctions for
atmospheric offects.

{4)
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Equation (4) becomes much simplified if the ratio

equals one;

Re
Rs
therefore it is desirable to dorive an expressien for Ppgs the powsr which

wouid b2 received from the sphere of cross-section og if it were at the same
range as the target,

Since o5 = K RY Ppg,

- —2s
PRS X R; (S)

Since Ppg is commonly measurad net in watts but in decibels (db),
Equation {5) becomes, by definition}®

o
Ppe (db) = 10 loglogf(—i-;'
s

= 10 log;, 05 - 10 log;o K - 40 log;, Ry :

or, since o4 and K are constant for any given radar calibration,

Pps (db) = -40 log;q Rg + B. (6

The rsceived power data (Ppg (db)) from the sphexe calibration track
may be e¢valuated at several points Rs, and the pairs of values Rgj,
Ppsi (db), (i=1 to n), substituted in equation (6) to obtain n values of Bj.
Since these may vary somewhat because of random fluctuations inherenrt in
piysical measuring systems, an average B is computed,

n .
1 Bj
T - A
n

Thus, using equation (6), with Rg = Re, the equivalent power Pjg is
computed,

P (db) = -40 log,o Re + B (7

Equation (4) now becomes

Prt .
ot = 3
Prs
*Definition of ¢b: Quantity {db) = 10 1ogmf Quantity \

\rsfem,ce Quantity /
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or again, since Pp, and Pés are measured in db:

o¢(db) = Ppy(db) - Py (db) + 10 logjg og (8)

In order to convert o.(db) into units of area, the reference area is
usually taken as one square meter (if og was computed in square meters).

Thus

ot (m2) = antilog), (oy (dd)) (9

Computer Program

Since cross-section varies with aspect angle anrd since range data is
needed in computing ¢, the cross-section reduction program must have as
¢ part of its input the radar output tape from the DRD Velocity snd Accelera-
i tion program (discussed separately), The other necessary inputs are a digital
tape of the "power received vs time" data, the radar coordinates in the samc
# system as the "V and A" data, the cross-section (pg) of the calibration sphere
used, and 2 hand-computed value of the ¥ of equation (7).

The program produces a listing of the following functions, vs time:
slant rang2 (in feet, meters or yards)
R altitude (feet<or meters)
aspect angls (degrees)
cross-section (square meters)
3 cross-section (db above 1 square meter)
log;q (range) (feet or meters)
power received from target (db)
The altitude listed is the same as that computed by the V and A
program, The aspect angle is defined as the angle between the target

velocity vector and the line of sight to the radar.

The "power received' data input to the reduction may be recorded
originally in any one of three ways:
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1. The radar automatic gain control (AGC) signal, a measure of
received power strength, may be recorded in analog form on magnetic tape,
and digitized by the DRD telemetry station digitizer.

2. The received radar pulses may be displayed on an A-scape ang
photographed by either strip or frame cameras with timing, and the received
power measurements (peak amplltude of the pulses) read on a Telereadex
(front projector). The card output of the reader is then transferred to

digital magnatic tape in the same format as that of the telemetry digitizer
output,

3. The AGC signal may be recorded on Sanborn strip recorders,

which must be read manually, These can also be digitized on the Telereadex,
and the data processed as above, !

Once the "power received" data has been converted to its digital tape
format (the same format used for digitized FM telemetry data), processing
is identical for all three types of raw data,
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ABSTRACT

The matrix equation used to rotate position data from ons lerft-handed
Cartesian system to another is developed by successive rotations about the

coordinate axes through the geodetic positions of the origins of the two
systems, A final rotation then references the system to the line of fire
of the missile, The matrix to accomplish these rotations in one szep is

derived in this report, and its inverse solution is also presented,

preceding page blank
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ROTATIONS OF CARTESIAN COORDINATE SYSTEMS

Intreduction:

This veport derives the matrix equation used to rotate position data
frow one left-handed Certesian system to another left-handed Cartesian sys-
tem. The matrix is developed by successive rotations about the coordinate
axes through the zcodetic positions of the origins of the two systems and

through a final rotatior to reference the system to the line of fire of the
aissile, The inverse solution is also derived,

The Lurtesian systess to be considered here are defined as coordinate
systems (x, y, z) in which x and y lie in a plane parallel to the plane
tangent to Clarkets Spheroid of 1866 at the origins. The z coordinates are
perpandicular to the xy planes anu positive ipwards., The original Cartesian
system is oriented on true North.

Mathemetical Darivation:

Definiticas of symbols used in the derivation:

P

90» Ag geodetic positions fov the criginal origin.

ét, ¢ pgeodetic pusitions focr the ew origin,

DA YL v S

¢p and ¢¢ are positive in th= northern hamisphere,

Ag and ¢ are positive in the western hemisphere,

azimuth of fire! - the azimuth to which the new system is
orientod and rxasured positive clockwise from north,

: ( X¢, Yrs 2t Cartesisn coordinates of the new origin; x. positive north,

ye positivs sast, 2¢ positive upwards and perpendicular to
: the x¢ y¢ plaue.

X, ¥, ¢ Cartesian coordinates of a point to bs rczated to the new
Carteazian syster,

2, y', z' the coordinates cf the point in the new system; x' positive
along the azimuth in the newv rsference plane, y' positive

to the right of tite azimuth in :he new reference plana, and

2! positive upwards aud perperdicular to the new reference
plane,

8x = X « Xg; by =y - yg; 82 = 2 - 2¢.

ot lier Hpala

e

S

'Azimuth of fire in this report refers to true azimuth which is measursd from
the meridian of the new origin, 0 degrees being horth,

.

PRYLYIURY
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Figure 1 shows the tangeni rlanes of the origins of the two systems.

YQ)& iginal

WSCS) °lan

L ¢ (

| ’ « t A \ P
<o \
/ -\--> = ———

FIGURE 1

OPQ represents the equatorial plane,

The first rotation is about the y axis, through an angle of (90" - ¢g),
tc a plane parsllal to the equatorisl pléne.
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iy,

= {sin ¢p sin (g - Ag)d

Axf] sin ¢g 0 -cos ¢07 33
syl = o 1 0 ay (1)
L9z:j Lpos é0 0 sin ¢g Léz .

Then rotete about the z' axis through the angle (ip - A¢).

Az' § Az"
A

Go -y

-~

| Ax“} Cees {Xg = Ag)

ay"l = {sin (Ap - 2¢) cas (%g = Ay) 0

|
0 0 I_J

Combining equations (1) and (2) yields the foliowing matrix form,

ay! ' (2)
AZ"

-s1n (Ag - A¢) 0] {Ax'
i
i_

fsin ¢q ccs (Mg - Ay) -sin (Ag - At) “5CS 9g €08 (Mg = Ag)] rﬁxﬁ

cos {.\o - }\t) =C05 ¢p sin (AO - ;\t) i ay i (3)

cos ¢g 0 sin ¢g LAzj‘

Rotate about the y" axis through an angle (90 - 4.), such that the referesrnce

plane is tangent to the new origin.

az"

bp

\Ay" f: Ay"'

[ PTRTEE YT SN

]
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Ax"r} ["sin ¢, 0 cos ¢t rAx"W

ay™ | = 0 H 0 ay" (4)
PAL “COS ¢¢ 0 sin 4¢ Lpsz
Equations (3) and (4) yield the following matrix form,
ax"*] ajy a2 a13]  [ox]
!
ay"'| = {8y 872 8y3 'Ay 5
82" l_asl ag; 233 ;_“_]

where
1 = sin ¢p sin ¢4 cos (Ap - Ag) + <Os ¢g cOs é¢

ajz = -sin ¢p sin (Ag - Ay)

213 = ~COS $g Sin ¢ cos (Ap - A¢) + sin ¢ cos ¢,

az)] = sin ¢p sin (Mg ~ A¢)
892 = c9s (A0 - A¢)

83 & =COS ¢¢ sin (2 - A¢)

a3} = -sin ¢g €08 ¢ cos (Ag - A.) + sin ¢ cos ¢q
azy = cos ¢¢ sin (Ag - At)

B3z ® COS ¢g COS ¢, COS (Xg - Ag) + sin ¢ sin ¢,

The final rotation is about the 2z'' axis through an angle, a, which
orients thhy system to ths line of fire,

Az &

Ay"'
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x! “cos a sin a 0_] [axm

y'| =|-sin a cos a 0 ay'™

-

Lz’ 0 0 1.] az'
Substituting equation (5) in equation (¢) yields
x! €11 €12 €13 Ax
z! €31 €32 C33] (82
]
where
] cjp = sin ¢4 sin ¢, cos & cos (A - Ay) + cos 49 cos ¢, cos «
1 (; + sin ¢g sin & sin (AO - )
€z = -sin ¢, cos @ sin (g - A) + sin @ cos (Ag - Ay) !
j
€13 = -cos ¢y sin ¢, cos @ cos (Ap - A¢) + sin 4j cos ¢, cos a :
- cos $g sin a sin (2o - A,)
cz1 = -sin #g sin ¢¢ sin ¢ cos (A5 - A¢) - cos ¥ cos ¢, sin a
+ sin ¢g cos o sin (X - A)
{ Cgp = + sin ¢, sin @ sin {A; - A¢) + cos & cos (Ay « Ay)
; Cy3 = cos ¢g sin ¢¢ sin & cos (Ag - lt) - 5in 95 cos ¢, sin a
- €os ¢5 cos & sin (Ag - A,)
c3) = -sin ég cos ¢¢ cos (Ag - A¢) + sin ¢, cos ¢,
C32 = COSs ét.sin ()\0 - At) ;
€33 = €COS 85 cos 9y cos (Mg - A.) + sin ¢ sin é¢ é
387 3
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Making the following substitution in equation (7)

€11 c12 13

[C] = CZI C22 C23 (8)

€31 €32 €33

gives the matrix equation

x'_‘l Ai]
y'\ = [C] |ay (9)
z! Loz

where x' is positive along the line of fire, y* is positive to the right of x'
and z' is positive upwards and perpendicular to the x' y' plane.

The reverse solution is found from the matrix equation

AX x'
sy| = [c]7! |y (10)
az | z! '

The determinant of the matrix C is
] =1
therefore, equation (10) is an orthogonal transformation or a transformation

of rotatiuu, In an orthogonal transformation the inverse matrix [C]-! is
equal to the transpose, [C]', of [C].

Therefore
11 €21 €31
(€17t = (€)' = feyy Y. <32 (11)
€13 €23 €33
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The most common usages of these rotations are to rotate from the snite
Sands Cartesian Coordinate system to a launcher tangent Cartesian system or
from a local tangent plane to WSCS. In the WSCS system the origin is the

‘intersection of latitude, &g, 33°05'00" north and longitude, Ag, 166°20'90"

west, At this point the EN-plane is tangent to the surface of the Clarke
Spheroid of 1866. The E-axis is an cast-west line tangent to the Clarke
Spheroid at the origin, positive in the eastward direction, The N-uxis is

a north-south line iying on the meridian and tangent to the Clarke Spheroid
at the origin, positive in the northward direction. The z-axis is perpendi-
cular to the EN-plane and positive upwards,

The WSCS origin has been given an arbitrary value of E = 500,000.00 feet
and N = 500,000.00 feet, These values were selected so as to cause the E
and N coordinates to be positive within the limits of the range.

Geodetic azimuth is measured from the meridian of the new origin, zero
degrees being south, Since true azimuth is geodetic azimuth £180°, it is
measured off the meridian of the new origin, 0 degrees being north. A
transverse Mercator azimuth (WSTM or UTM) is measured from a line that passes
through the new origin and is parallel to the central meridian of the trans-
verse Mercator system, The azimuth is measured with 0 degrees being transverse
Mercator north.

North
Ve / \
34° .4/ . \ \ - 34°
fo T~ —1/— . S i \
/7 ; L \ \
[+] \ °
e N N R
° / [ ;: _ -
West 33,?‘*—- Ay 2 __\‘—" \ East
; .
// / i’ 4 | \ 482°
° / I ‘ //// \
324 ! W_-- \
/ ~~e - \‘
7 ] i X —~
/ | ! \
/ { South i \
FIGURL 3,

Figure 3 illustrates the geodetic lines and transverse Mercator lines. The
solid lines designate UTM or ¥STM grid lines. The dotted lines show longitude
and latitude, A4c¢ is the difference between geodetic north and grid north.
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The azimuth of fire (o) used in tiie previous equations is the true azimuth,
If a transverse Morcator azimuth (aTy) is given, the true azimuth may be found
from the following equation,

N . Ax
G = aTy * 2 sin sin ¢¢ sin >

where
AX = longitude of the central meridian of the iransverse Mercator
system tess the longitude of the new origin (A¢).

¢¢ = latitude of the new origin.

The following diagram describes the correction (Aa) to be added to
the transverse Mercator azimuth to obtain the true azimuth,

0P = O°P' = nP sin ¢¢

?\ PF! » 20°P sin -—"5‘—-
. Y
t = 20P zin ¢g Sin —y—

SN
e :xQ? Aa PP

\\\ R Y
\ . LY
N bts At 2 sin ¢, sin >
<BX \\\ e
o' . A 2 .| HIA R A .‘;
a = 2 sin L51n ¢ S1n = -

Central Meridian of the
transverse Mercator systen

FITRE 4.
For small differonces of longitude, (AX sin ¢¢) may be subs-ituted for
N . 8A .
2 sin sin ¢, sin 3 , therefore the squation for true aziwu.n bscomes:
N /

a = afM * A sin 4.,

-
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POWER SPECTRAL DENSITY ANALYSIS
USING THE AEL ANALYZER

Introduction

The AEL Spectrum Analyzer was built by American Electronic Laboratories, Inc,,
of Colmar, Pennsylvania, The analyzer is designed to separste a complex signal
into its various frequency components and determine the relative magnitudes or
power levels of each of these components, The analyzer consists basicslly of 3
banks of 20 filters, ea~h having a different center frequency and bandwidth, =2
set of integretors which sum the continuous outputs of each of the filters, and
& commutated readout which samples, digitizes and records the data from each inte-

grator in turn, The complete sat of 60 filters covers the entire band from I0
cps to 10 KC,

Two sets of white noise calibration signals may be passed thru the anelyzer
in addition to the d=ta signal: The first, white noise machine calibration, is
necessary to compute z correction factor fur each filter to compenszate for any
nonlinearity in filter gain adjustments, The second, another white noise input
which is related to the deta by known factors, is necessary if the digital cutput
of the snalyzer is to ba calibrated in the physical units of the input data.

The computer program is required te¢ accept the raw data input, compute and
apply the necessary correction factors snd calibration constants, and generate

several types of date output in formats suitable for a variety of listing and
plotting requirenents,

Derivation of Relstionships

The spectrum analyzez is & device which receives a complex signal as

input and separates the signal intoc its various frequency components, is
4 analyzer consists of three banks of twenty filters each, the first bank of
20 filters covering the frequency range of 10 to 100 cycles per second, the
second bank 100 cps to 1 KC, and the third 1 KC to 10 KC, Only one bank of
filters mey be ussd in a single pas3s of the input signal, In order to cover
( { the compiete frequency range of the analyzer, three passes of the input signal
3 e must be made, A commutated readout samples each of tha twenty filters once
. each second or tenth of 8 second, A frame of date consists of time and these
twenty digitized rasadouts, The last readout of a pass is called last frame
data, 1.e., there will be 3 last frames for one compiets analysis,

Twe whits noise calibrating signals are nassed through the analyzer in
addition to the data signal, (iWhite noise is a random signa: which has unifomrm
power diatribution throughout the frequency range of the analyzer,) The band-
widths of ths filters of the analyzer srs so designed that, when white ncisse
is processed, tho ousput of eszch filter will have 0,5 db gain over the output
E of the filter which preceeded it, This chsracteristic is used to compute &

correction factor for finoe adjustment uf the analyzer, If the machine is out
of adjustment, the actusi gain of each filter will not equal the predicted

gain, in which caze a correction factor is computod for the fiiter which is in

{ arror, Three banks of white noise data are processed, utilizing all 60 filters,

but only the last frames of the white nolse calibrations are rucovded on the
data tape.
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ine second calibration signal is also a white noise (data) signal. Th:s
signal has known relational factors between it and a given function value, thus
allowing the data signal to be calibrated in the proper physical units, Only
the 3 last frame outputs of the calibration are recorded,

A "group'" of duta consists of three banks of last frame white noise
(rachine) calibrations, three banks of last frame white noise (data) calibrations
associated with the data, and N frames of data for each of the three banks for
the period of ansiysis, Scmetimes reduction of only the last frame data will be
requested,

"Pot!" Factor Calculations

The input vecltage to the analyzer is attenuated by a potentiometer, When
rwitching from one bank of filtsrs to znother it is usually necessary to change
the potentiomater (pot) setting to achieve optimum cutput., In order to relate
21l banks of information to each other the data from each bank must be multiplied
by a pot factor. This means that there will be thres white noise (machine) pot
factors (one for each bank), three white noise (data) pot factors, and three pot
factors for data to “e computed, Tho pot factor to be used for any bank B is the
square of one over the pot serting for that bank of data, The pot settings used
will be supplied by the wrogram requestor,

2
P.F. -6,{.-)

White Noise Correcticn Factors

The white nciss (machine) correction factor for each filter compensates
for fine adjustment of the analyzer, The analyzer is designed to have 0,5 db
gain between any two adjacent filters when processing white noise, Tha correc~
tion factors are calculated using the white noise {machine) calibrations multie-
plied by their sppropriate pot factors,

Let My = (WNy) (PFg) be the white noise (machine) data output of the
jth filter corracted by the pot factor for bank B, where
B w ) for filter numbers 1 5 j s 20
B w 2 for filters 21 ¢ j < 40
B o 3 for filters 41 5 J s 60,

Tiien the 0,5 db gain criterior between sdiscent filters leads to the
following ralationships for filter vorrvection factours, Ry,
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R_ M

10 log s | 0,5 db

10 \
Ry My

Rz M
10 log =2\ 0,5 ab
10\ R, M

10 1 ._RJ_“J__> 0,5 db
°810 = 0,5 db,
Rj.l .\ij.l

Using filter number 1 as a reference and solving for the correction factors
Rys (j =1, 2, oo« , 6U), leads to the equations:

Ry = 1, by definition,

Ry = 10(.05)("1>
Mo

Ry » 10(‘05)<_M_2_>R2 . 10('05)@?_)0('05)(&} 1o(°°5)(2)@':_>
M3 M3 M3 M3

o
E -
®

m(.os><“3>R . 100 os)< 3>0r osuu(’l) 100 osnn(“l
) M4 M4 \ M3 M4

16(:08) (3~ 1)( >

Filter Bandwidth Factors

=]
(S
]

The different filters of the unalyzer have different bandwidths, In
order to properly compare the outputs of the various filters as a function per
cycle it is necessary to normalize the data by dividing each filter's ouvtput

by thac filter's bandwidth. All normaiized data are then in units of filter
output per cycle of bandwidth

The bandwidth of the 1th filter 1s given by the difference between the
lower band edge frequency (L) of the J filter and the lower band edge fre
quency of the (j+1)th filter, where the lower band edge frequencies of adjacent
filters aro related by the 0.5 db criterion previousiy used in computing white
noise correction factors,
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That is,

By = Lejony = L(y)

L \
10 logm< (_;_;)._}. 0.5 db
/

and

or
loglo(b(j¢1)\/ - logl()(L(j)). 0:05 y

From this it can be shown that

log;q {L3) = 0,05 + logyg (L)
log)g (L3) = 0,05 « lchO (Lp) = 0.05 » 0.05 + iogyy {i;)
iogyo (Lg) = 0.05 + logyg (Lz) = G 0S5 + 0.05 + G.05 + log,g (Ly)

s (3)(6.05) » loglo (L)

L]
¥

loglo (Lj) * 0,05 + logyg (Lj-l) = (6,05)(j-1) ¢+ logyg (Ly).
Since L; = 10 cps and log;y (L;) = 1,0, this expression for the jth lower band
edge frequency can bo writtsn

logyg (Lj) s (§«1)(0.05) ¢+ 1.0

or

Ly - 2 U-D0O08) <], [mu-l)(MSJ] (20).

Then the bandwidth of the jth filter can be found from
BW’ = L{j*l) - Lu)

10 [10(5)(4‘5) . mU-l)(:OS)]

10 [10(5-1‘(&5)} [10(,05) i 1]

[10(3'1)(&5)] [10 (1,122 - 1)]

-

[10(5-1)&05}_; (1.22),
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vata Calibration

In order to calibrate the data in some physical un:its, a callbration
signal of known RMS value must bz analyzed and digitized., The caiidbration
furnished by the data user may be either a sine wave or a white noise signal;

however, the calibration signal processed on the analyzer will always be a
white nolse signal., 1If a sine wave is furnished it will be examinzd to deter-
mine its RMS value and th> output of a

f a white noise generator, matched to this
RMS vaiue, will be fed to the anaiyzer for the zalibration.

The foliowing is the derivation of tb: calibration constant » which is
used to convert machine count values of swalyzer output tc engineering units
First it will be shown that K is the s.me constant for every filter; then the
formula for finding K will be derived, In practice, because of smali variaticns

in actual filter outputs, a separate K;j should be computed for each fiiter
(§ = 1 to 60) and the average value of all 60 K{’s used in the reduction for
all filters, thus increasing the statistical reliability of the estimate,

A. Proof that K is the same constant for each filter, » e , K] @ K2 » -«- u Kgg

The total output power of the noise calibration 1s the 3um of the ou:zputs
of the 60 filters:
60

) Poutj.
j=l

(D

However, the output of each filter is given in terms of a relative
machine count value,

?cutj ® Kj Dy, where Ky is the caiibratioen 5

constant for the ¢

]
o

filter and Dj the machina count value.

The deosign characteristics of the analyzer are

such that the power output
relationship batween filters is given by:
, Pout {ﬂ
out; * N . -
10.05(3 1)

(%3]
el
S
N RRAT (AR




The normalized power output (power/cycise; of any filter is given

by
Pout) Jeyel po*ti N
e ower/cycie s reYd <
Bi, ¢ Y BH, 10+ 95 (J-1} Rl

or since Poutj s Kj Dj

K1 D Ky D
Ll . ’O,J - (4)
BK, W [10:0-(3-1)1 -
Again utilizing the decign characteristics of the analyzer it is
sgen that:
T
WS{3-1) = 10 1og-\/—5§—) (s
~ v
or b . %
Dy = ’ (6) -
4 10,0553-1) .
Substituting equaticn (6) into squation (4) gives %
'i(l Dj Klgj ; i
» . i . ( Y
BW; {16:95(5-1); 116:95(3-11) gy, ’
or simply

K1 ] Kj for &1l ,,

B. Derivation of the Formuls for Computing K -

The total power cutput of the wiiite nolse generator can be divided into
two fractional parts:; thet porticn of ths generator's fireguency range which
is auslyzed vy the PSD analyzer, and that porticn of the ncise ener::ior's
frequency range which is not anaiyzad by the snaiyzer,

where
Py = total powar output of white noiss gencrator

Bip » Band width of P5D znaly:zer

BWy e Band width of noise generatar

/ Bi¥y

:) (:ah ‘>~ fractions of noise power analyzad and not ans)-red respsctively,
400
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But tohat part of the nocise generator’s output which is analyzed is also
e irrtal power output of the 60 filters

1 Poutj.

Substituting this, equation (8) becomes:

60

2 Pout <Bw >

By definition of white noise, which states that the normalized power
per cycle output at any frequency in the band equals the total power output
averaged over the total frequency band, we have

60
L Pout
L
i Poutj  je1 3 (1)
Bwj Blvy
Ky by 7
But since Poyey = -—l?—l- . (12)
equation (11) can be written ) .
] P
out
i=1 J Ky Dy (13)
-
BWA th T
p where T is the period of iategration,
1
) Substituting equation (13) into equation (10) gives
Ks D3y BW A
Py @ —demtmn +< )pN (14)
BWy T Bity
which can be solved for K:
A \] BW; T :
K= Pyl - )! d (as)
: Biy /| BWA Dy .
:
*The factor - in equation (12) is the result of the fact that machine count output E

(T
e anrlyze., is the read-out of an integrator, Dj = K

£(t) dt, and is thus in
0
units of ”(power/cycle) X time',
cyclél

Since we wish to deal simply in normalized (power/
this time factor must be ¢rupensated for.
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For the white noise generator in the PSD analyzer the constants are:
B, = (27 XC) n/z = 42,4 KC
A= {BHy - 10 KC) = 32,4 KC

RHWp ® 10 KC.

Substituting these values ir (15},

i 32,4 BWj T
Kw?Pyil-
42.4 L (10 KC) Dj

PN T BW
. (2.35849 x 10')-—L———L
Dy
which can be evaluated from the white ncise data calibration for any analysis
group,

Data Gutput Types

A great variety of output data types may bs requosted from the prograa,
However, fox any given run only one data type will be rzgquested, The form of
tie output requested may be listings, plots, or both,

For the sake of ease of reference, the 33 data types are numbered, and
defined as below;

1, Data 1 is the digital deta output of the analyzer corrected for a factor
of "System Zero'" and formatted as the input to the 7094 reduction program,

2. Data 2 is the most basic output data type, 1 is simply the raw data
corrected for the agpzupriate pot factors and white noise (machine) calibration,
Data Zgan is the relative power contained in the jth filter bandwidth, summed
over the time interval (tp - tg),

Data 2:’.n = (Data lj.n)(peFoB)(Rj)
where P,F.g is the pot factor for the bank of filters containing the jth filter
and Rj is the white neise (machine) correction factor for the jth filter,

3. Data 3j , is the relative power per cycle contained in the jth filter
F3 3
bandwidth summed over tiis time interval (tp - t;) normalized by the width of

che §*" filter in cyc¢les, Data 3j,n - Bwj .
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4-5. The RMS vajues of the power measurements of data types 2 and 3 give the
relative G's and relative G's per cycle outputs in the jth filter in the time
interval (ty - tg).

Data 45 o = Y Data 2;

Jn

_— . Data 25 n

- Js

Data 5; , = ¢ Data §, , S et
Jo 3, v

6-9, Data types 2-5 are total power or G measurements over the time intervals
(ty = tg) where n » 1, 2, -°« , N give the successive time points of analyzer

output, Data types 6~9 are the aversge relative power ar G's in the jth filter
bandwidth, averagsd over the total integraticn time ty.

Data 2 N
Data 6; N e d where Data Zj N is the last frame data of the
! (tN - tg) ’
jth filter and ty is the time of last frams,

Data 3y y Data 2, y
Similarly, Data 7; N ® . .
¢ (tN s to) (BWj)(tN - to)
) Data 41,N / Data Zj N
Data 8y N " . ’
! (ty - to) (ty = to)
Data 55 N Y Data 33 N
Data Qj N*® L - ‘1.
’ (ty ~ tgy) (ty ~ ta)

. | _ Data 21,§"~
v BW

1013, Data types 10 thru 13 are derived from types 2-5 and the calibration
constant K, which expresses the relative data in the proper physical units

Data 10, = K Data 2 1s T . «i. 1 Wwwta, sower in the jt“ band-
s s

width in the time interval (tyq - tg)

K Data 2J.n
Data llj’n = K Data 3 g e — = 272
14

n A
J BhJ
Jata 1Tj,n s Y N vata :j,n e vV R Dala :j,n
/ - . ~ T h .;:.l:: ‘
. . . — i
Data 1°j,n = VYK Data sjtn = ¢ K Data 3J,n = — e I

BW
J
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14-17, Data types 14 thru 17 are the calibrated last frame data averaged over
the totel integration tims, (TN - Tp)

K Data 24 N
(Ty = Tg)

Data ]43,N K Datsa 6j,N “

K Data 24 N
aw3(1y - Tg)

Data lsj,N K Data 7j,N =

Y K Data 24N

S
Data ibj,N L, K Data Bj,N »

(Ty - To)
Date 17y = 7 K Uata 9 = _—t / K Data 2y )N
’ N Ty - To) BN

Requests for data typss 14 thru 17 will always be for last frame only
reductions,

18-33, Data types 18 thru 33 are incremental data types showing the changes
and rates of change of data from one point to the next in the analysis, When
the time interval At between adjacent time points (t; - tp.)) is one second,

the rates of changc of data types 22-25 and 30-33 will be numerically equal to
their respective incremental data types 18-21 and 26-29,

Data 18:,.“ @ Data Zj’n - Data Zj.n'l

Data 211“ - Data thn_l
Bwj

Data lgj.n »

Data ZOj Y Data zj,n - / Data 2j,n-1

N

__L___(,/ v
Data 21j,n . /.Ei;, Data 24 . - Y Data zj,n-l :)

Data sz,n Data 18j,n/(tn - tho1)

Data 23

j,n © Data lgj,n/(tn - tho1)

Data 24j,n Data Zoj,n/(tn - th.1)
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Data 255 p

Data 21j,n/(tn - th.1)

Data 26j K(Data Zj,n - Data 2j,n-1)

»

K
Data 27“’,1’! = -BTT:‘_- (Data Zj,n - Data zj,n‘-l)

Data 284 , = /X (Y Data 250 - / Data 25,n-1 )

~ _..&.... / .
Data 294 o *® / B, (v Data zj,n - v/ Data 25 ne1)

p
Data 30j,n » Data ZGj n/(tn = th.l)
»
{
Data 31j n® Data 27j n/(tn - th.1)
’ 3
[ Data 32, = Data 28; ./(t, - to.1)
¢
Daca 333,n = Data 29, /(t - tho1)
J ¥
}
{
€.
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Input to the Program

The input to the program will be supplied on IBM tape in a 90 character
per record BCD format All records except tlie group identifying record will
be in the following format:

Charactexrs 1 - 7 Time (XXXX XXX) seconds
8 -9 Code number for type of data (98, 97, or 00)
10 Bank number (1, 2, or 3)
11 14 )
15 - 18

19 - 22 > 20 four-place machine count cutputs of analyzer

97 - 90

/

"hree code numbers are possible in cheracters 8 and 9: 98 indicates white
noise (machine) calibrations; 97 indicates white noise (data) calibration; and
00 indicates data. ''Last frame data" is indicated by a minus sign over the
bank number in character 10. The 20 four-place outputs of the analyzer comprise
one frame of data, i.e,, one commutated readout of the twenty filters in onz
bank, There is a commutated readout for each second of the analysis, (If
any output is negative, it is signed in the low order positien,)

The first record of a group 1s the identifying record. The first 8
characters of the identifier are "GROUP" followed by a blank and the two identi-
fying numbers. The remaining (82) characters may contain any information or
comment desired, or be blanks.

The 2nd, 3rd, and 4th records of a group are the white noise calibration
records for banks 1, 2, and 3 respectively.- The 3 white noise (data) calie
bration records, if present, will be the next records on the tape. Then
follow the data records from time T} thru time Ty for bank 1, data from time T;
thru time TN for bank 2, and data from time T] thru time Ty for bank 3. The
computer program will be required to sort the dat. records by time and generate
identifying frame numbers so that 'frame n data' will refer to the output at
time T, of all three banks of filters, numbers 1 thru 60. Groups of data

(i.e., successive runs) are stacked on the tapes
Additional information supplied witn each group will be:
a, Potentiometer settings used: 3 white noise {(machine) pot settings;

3 white noise (data) calibration pct settings if calibrations are used; and 3
data pot settings. All pot settings are two digits, ranging from 0,1 to €.9.
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b. Time duration (T-) of white noise (data) calibration, ranging from
000,000 to 999,999 seconds,

¢, Time duration of data (Tp), ranging from 000,000 to 999,999
seconds,

d. Calibration value (Py) for white ncise (data) calibration, ranging
from 000,000 to 999,999, physical units to be specified,

The program request will also indicate whether or not only last fraue

analysis is desired, as well as the output listing and piotting requirements
for each run,

Program Outputs

A, Listings - Two types of listings will be needed, The first w... be a
centinuous list of the data type requested as a function of time, that is, for
& given time, t,, (or frame number), the outputs of all 60 fiiters at that time
{for that frame) will be listed. Such 2 list may de requested for all time
points of the analysis, for an interval of time points, cr for a specific time
point or frame number, A suggested format to list one time point (frame) is

below:

Time t, Filter Nos. Data Type No,

(F7,3 format) 1-5 Data Nj-latn Data Nj-Z,tn s+ Data Nj’s,tq
620 Data Nyac,tn D8t Nyay, ¢y ** Dava Nygyg o
11 - 15 c
16 - 20 .
55 - 60 Data Nj-SS,tn Data Nj-56,€n°°° Data Nj.éootn

The second type of listing will be & continuous list sortad by filter
numbers, The output of a single filter, or filters, or a specified interval
of filters may be required,

If plots are requested as the program ocutput, a listing of the plotting
information must also be made. This should include all plotting information
specified by the program request (time or frame numbers or intervals, data
type, etc.) aund also all plotting parameters computed by the program (scale
factors, board and data offsets, etc.),
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B, Piots

There are two types of pilots which will be required: bar graphs and
continuous line plots. These will be made using the EAI 3440 Dataplotter,
Input to ths piostter 1s an IBM tape written at 200BPI in BCD mode, Although
the Uataplotter can accept formats of a variety of word and record lengths,
the following standard format should be used:

Each record shail contain one data word of 12 BCD characters and shall
represent one daia pnint or plotter command function. The first 6 characters
are for the X value and the second 6 for Y, The first character is the command
X cods, the second the sign of X, and characters 3 through 6 are the X data,
high order first. Character 7 is the command Y code, character 8 the sign of Y,
end charactsrs 9 through 12 ares the Y data, high order first. An end of file
is required at the bsginning as well as the end of each plot, At the end of
the last piot on the tape, at least two or three EOF characters should appear,

The following is a 1ist of the nlotter command codes avajlable:

COMMAND X CGDE Y CODE
Skip the data 0 0
Plot the X and Y data 1 i
Set the X and Y scale factors 2 2
Set X scales factor , 2 0
Set Y scale factor 0 2
Set X and Y data offset 3 3
Set X data offset 3 0
Set Y data offset 0 3
Set X and Y board cffset 4 4
Set X bosrd offsst 4 0
Set Y board offset 0 4
Select symbol 0 5
Pen down 0 6
Pen up 0 7
Start new curve 0 3
Stop plot 0 9
499
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Before beginning a plot thr.e sets of variabl-~s must be specified to tne
plotter. These are the X and Y scale facters, the X and Y board offsets, anc
the { &nd Y data offsets, The three rectrds specifying thws infermat.on .no.lc
be the first three records on the plotter tape. The .ption should be avai..c.e
either to specify these quantities as load card variables with the program re-
quest or to compute thsm when preparing the plotter tape,

Scale Factors (XXX.X)

The scale factor settings for X and Y determine the number of counts per
halfeinch of plot. The scale factor used should be determined from the range
of the data and the paper size to be used Normally plots will ve requested
on either 7 x 10 in-n or 10 x 15 inch paper.

Board Offsets (& XX)

The norial origin of the plot board is the center of the board Other
points on the board and their coordinates (in half-inches, X gi.en first) are:
Upper left (-3C, 30), Upper right (30, 30), Lower right (30, -30), wower ieft
(=30, =30). The board offset command is used to relocate the orijin at any
other location on the board, The origin is transferred to the coordinates
that are listed with the command For example, the command tn Telccate the
oriqin at the lowsr left hand corner of che board allowing one inch margins
on the paper (that is, two half-inches) would he specified by the 12 character
record

4 - 00284 - 0028, '
The board offset command is usually used to locate the coordinates (i, 0)
2t the plot origin. The pap'r will always be nlaced on the plotting board so

that this point is at the board coordinates (0, -20), allowing one inch margins
on the paper,

Data Offset (& XXXX)

The data offset command causes the X and Y data offset values to te
algebraically added to their respective data point values before the point
is plotted. Normully this command 1s not used. llowever, it is necessary io
specify 1t the baginning of each plot that the data offset value is (0, 0),
That is, the command 3 + 00003 + 0000 should be the third command on each
plotting tape

General Instructions

At theo beginning of each plotting tape, and between plots on tne same
tape, there should be one EOF character. After the last plot on the tape there
should be at iea~t twn or three EOF characters.

The first plotter commands for each plot must be used to set the X and Y

scale factors, X and Y board offsets and X and Y data offsets. Even if any of
these values are zero, they still must be specifically set to that value.
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After these threc comutands are given, the next ccamand should be !
pen up"  Then the coordinates cf the first data point snould he give and
repeated about ten times  Th.s 1s to allow the pen time to oe posit.oned
i the proper place for the {irst point before actually beginning the »ict
Then should follow the command "Pen vown', the first dataz point repeatecd
once more, and the successive <ita points in turn

The maximum efficiency on the plotter 1s achieved by plotting at niga
speed. llowever, in orcer to plot accurately at high speeds, the points to be
glorted must be close together Accurate high speed plots can best be pro-
duced when the vector distance between consecutive points on the line is no
greater than 1/8 inch  Thus any line segment (particularly the sides of bars
on ba1 graphs) should be specified by a succ2ssion of points no more than
1/8 inch apart

Continuous Line Plots

Line plots may be requested of the continuous cutput data of any filter
as a function of time (or frame number; Time may run from tgp thru ty (time

{ of last frame) or over any specified time interval The data types which may
be plotted in this way include types 2 thru 5, 10 thru 13, and any of the
incremental data types 18 thru 33  (Data types 6 thru 9 and 14 thru 17 are
"last frame only" data types, and are always plotted as bar graphs of data
vs, filter number )

The X scale factor for line plots 1s determined from the time interval

to be piotted and the paper size used The Y scale factor is determined from

the maximum value the data reaches For data types 2 thru 5 and 10 thru 13,

this maxirum is reached in the last frame of the analysis; for any of the

incremental data types 18 thru 33, the program must search for the maximum

value. For relative data (uncalibrated), that 1s, any of types 2 thru 5 and

18 chru 25, the data maximum should be set equal to 100% of full scale, and

data values plotted as percentage points For calibrated data there should be

the option avairlable to inscrt a uesired max.mum value as 100% full scale, or

the factor should be chosen knowing the data maxinum and paper size to be used so
{ that the divisions on the graph paper correspond to convenient (even) data values.
5\

i Bar Graa&s

The outputs of data types 6 thru ' and 14 thru 17 will aiways be plotted
as bar graphs In addition, a bar graph of any single frame or frames of any
data type vs filter numbers mavy be requested. The filter interval to be
graphed may include all 60 filters, or any bank of twenty at a time,

Plotting a bar graph 1s more compiicated than plotting a continuous line
plot. The bars will be drawn with the plotter in '"line plot" made  Thus
eac’, line shouid be specified by a succession of points, nc more than 1/3 inch .
apart, to maintein high speed and accuracy on the pletter, :

A convenient shape of bar graph is achieved by making the bars twice as
wid~ as the spaces between them This leads to the formula;
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(N[S + B] ~ S) @ full width of graph,
where N is the number of bars (20 ar 60)
S is the width of a space
B ® 25 is the width of a bar,

The formula should be solved for §

» the width of a spsce between bars,
subject to the restriction that S g 1/4

inch, to maintain a balanced appearance,
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SYMBOLS USED IN COMPUTATIONAL PROCEDURE

Bel, 2, 3= bank number
Jwil, 2, , 60 = f1lter number

PSM(B), PS.(B), PSD(B) = Pot Settings for Machine correction, Calibration,
and Data for bank (B), respectively (load card variables)

PFM(B), PFC(®), PFD(B) = Pot Factors for Machine correction, Calibration, anu
Data for Lank (B), respectively

v '(J) - Output, in machine counts, of last frame Whiite Noise (machine)
calibration of the Jth filter

R(#) - White Noise corrsction factor for Jth firiver
BW(J) - Bandwidth of JD filter
K - Calibrstion constant computed 1f data calibration 1s present

P,y - Total power output of white noise generator, used in computing constant
K (load card variable)

Te - Time duration (seconds) of Calibration, used in computing K (load card
variable) .
D(J) - Output, in machine counts, of last frame white noise Data calibration of
the Jth filter It should be corrected by its appropriate pot factors and
white noise (machine) correction factors before computing K.
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COMPUTATIONAL_ PROCEDURE

Note: Wherever index B occurs, de B » 1, 2, 3,
Wherever index J occurs, do J = 1, 2, ««+, 60,

If both J and B occur in a product, 5 will be determined from the following
relationships:

for 1 ¢ J 20, B el
for 21 s J 540, B~ 2

for 41 s J s 60, B = 3,

1, Compute pot factors

e o()

2, Compute white noise (machine) correction factors, R(J):

Let M(J) » [WN(J)] x [PFW(B)]

Let R(1) = 1,

R(S) -[m(.os) (1) (ww )

for 2 < J 5 60

3, Compute combined correction factor for each filter, F(J):
F{J) = PFW(B) x R(J)
4. Compute filter bandwidths, BW(J):

BH(J) & (1.22) m(J-l)(.OS)]

5. If white noise (data) calibration is present, compute constant X
a, Correct dats celibratiss u(J) from Jth filter

D({J) = [Last frame calibration value machine counts of Jth
filter] x PFC(B) x R{J)
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Py Tc BH(J)
D(J)

h, K{J) = (2,35849 x 10°%)
w for (J) = 1, 2, *** , 60
;.
c, K= <5~ L K&
Ju]l

6., For each frame o¢f cata ard each iilter compute the requestea data
type, Data n(j,t) where i is the fiiter number and t is the (time/frame
numb. ~) indsx,

7, Prepare requested output listings and plotter tapes,
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